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Abstract

One of the biggest challenges in condensed matter physics is to develop accu-

rate and efficient numerical algorithms to solve the frequently occurring but very

intricate problems in strongly correlated systems or classical statistical models.

The two most widely used conventional methods, density renormalization group

(DMRG) and Quantum Monte Carlo (QMC), has their drawbacks respective-

ly: DMRG can attack only finite size system in two dimensional cases (2D),

and the accuracy of the result needs deliberation, while QMC generally suffers

from the notorious minus sign problem in handling with the fermionic systems

or frustrated spin systems.

Recent years, the study of entangled entropy in quantum information deep-

ens the understanding of DMRG algorithm, based on which condensed matter

theorists constructed a series of wave functions, namely the tensor-network states

(TNS). An important type is so-called Projected Entangled-pair State (PEPS),

which is specified in this dissertation. The corresponding one-dimensional (1D)

realization is matrix-product state (MPS), and tensor-product state (TPS) is for

two-dimensional (2D) cases. It is assumed and respected that TNS can faithfully

represent the ground state wave function of quantum lattice model. As a conse-

quence, the expectation values of observable of quantum model can be obtained

by the contraction of a complicated tensor-network. At the meanwhile, it can

be proved that all the classical statistical models with only local interactions are

equivalent to tensor-network models (TNM), and the partition function and ex-

pectation values of physical quantities can still be reduced to the contraction of

a tensor-network. Therefore, the study of TNS and TNM are drawing more and

more attention, and this dissertation will focus on the numerical renormalization

group algorithms based on TNM/TNS.

In the first two parts of the thesis, the drawbacks or shortcomings of the

conventional computation methods are briefly discussed, and the TNS and TNM

are introduced. The novel algorithm based on TNM/TNS, the tensor renor-
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malization group (TRG) method proposed by Levin and Nave in 2007, and its

application on classical statistical models and quantum lattice models in 2D lat-

tices are demonstrated.

In the third part of the thesis, we analyzed the drawbacks of TRG algorithm,

i.e., the negligence of the renormalization effect from the environment in the

coarse-graining process, and developed the second renormalization group (SRG)

algorithm in 2009. Then we applied SRG to classical Ising model and quantum

Heisenberg model, and compared the performance of TRG and SRG. It shows

that SRG performs much better than TRG. We argued that the combination of

SRG and the bond vector projection method proposed by Dr. H. C. Jiang, Prof.

Z. Y. Weng, and Prof. Tao Xiang in 2008, provided a general method for the

analysis of the ground state of quantum lattice models.

In the fourth part, the restrictions of TRG and SRG, like the straightforward

application to three-dimension (3D) lattice, are illustrated. In order to apply the

tensor-network algorithms to 3D real lattices, in 2011 we proposed the TRG

method based on higher-order singular value decomposition, i.e, the so-called

HOTRG method. The application of HOTRG to classical Ising model on cubic

lattice and quantum Ising model on square lattice comes to by far the most

accurate numerical renormalization result for 3D Ising model. Similarly, the

consideration of the renormalization group effect of the environment leads to the

HOSRG algorithm.

In the fifth part, referring to the improvement from infinite DMRG to finite

DMRG, recently we proposed simple finite-size HOSRG algorithm and finite-size

HOSRG algorithm with the implementation of the sweeping scheme, aiming to

further improve the accuracy in the proximity of the critical point. The results

show that finite-size HOSRG performs better than HOSRG in the full tempera-

ture range.

In the last part of the thesis, the author summarized the above three meth-

ods, i.e., SRG, HOTRG/HOSRG and finite-size HOSRG, and gave some personal

opinion of the prospect of tensor-network algorithms. In the appendix, some oth-

er important algorithms relevant to the topic of the thesis are briefly discussed.



ABSTRACT v

Keywords: tensor-network model/state, tensor renormalization group, second

renormalization group, higher-order singular value decompostion, finite-size
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ÄÚüC5Æ§XâfÔnÆÚ�»Æ§ù
+��À��N+�¶�´30

*ºÝïÄ�þâf�8N1�§Xvà�ÔnÆÚÚOÔnÆ§ù�À�õ

N+�"�öòþfåÆ�ÚOåÆ(Üå5§uy
�þ#Û�÷*ºÝþ

�'éþfy�§'X��[1]!�6[2]!þf¿��A[3, 4]!CB�A[5]!À

Ú-OÏd"và[6]��§�«
þfõN.�õ�5ÚE,5"

và�ÔnÆ¥¤¢�'é§Ì�5uâf�m��p�^å§'X¥

Õ�p�^§Úâf�m����p�^"���p�^´�«X{dþf�

A¤Úå�ÚO'é1�§vk²;éA"ù«ÚO'é�±8(�¤�-)

.�ÚO½�|Ø�N�nµ?¿ü�¤�fþØ�U?u���Ó�þf

�"�NnØ¥¼�ã�¤õ�U�nØ[7, 8]§Ò´ÏL�Ä>f�m���

�p�p�^ïáå5�§§é7á!��NÚý�N�©a�Ñ
��5

£ã§¿Ïdmé
21V�����8U���N��"XJÓ��Äü

«'é§ü�¤�f�m�U¬du�p�^å/¤åP�§ù«åP�é

g,/äkÀÚf�A�§l3$§��Uu)vày�§��y�Ò´$

§e>fåP�(¥]é)[9]�và¤Úå"'é�A�,����K�Ò´

¤¢��Ðy�(emergent behavior)[10, 11]§=õN¯K3z��êþºÝþ

¤LyÑ5�1�5Æk�UØÓ§dé{ü�$�XÚ�±|¤éäkE,

5��p�XÚ"ù�¡�ïÄØ=éÔn�Æ��§�é<a�¬g��

uÐäk�¿Â"

r'éÔn§Ò´�ïÄþfõNXÚ3�*ºÝþd'é�AÚå��

pK�!�p¿�§&¢Ïd¤���÷*ºÝþ�#y�"ÙïÄ¯K�9

�C��.y�[12]!~5��!p§��[13, 14]!þf¿��A!$�^5

XÚ�õ�ïÄ+�"I�5¤J��Ò´dn¶!¥]Ú�p631957cJ

Ñ�BCS��nØ[16]§TnØdu)º
~5��N��X�Ôn5��
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Ç�
1972cì��ÔnÆø"�duïÄÃã�j"§éuéõ®²uy�

'éy�§và�ÔnÆ[¿ØU�Ñ���ß�Ônã�Ú����k�

�nØ)º"

r'éõÑy3þf$�XÚ§é§�ïÄ§Ø
¢�Úá��{�JÝ

�ª��	§nØ�¡�ké��(J"��Ä���Ï3u§duâf�m

��p�^ÚþfÞáÑér§£ãXÚ�M�î¥vk²w��ëê§ù¦

�Äu�6�{�DÚþf|ØØU·^¶Ó�duõN¯K�g�A5§X

Úo�gdÝ�âfê¤�êO�'X§ù¦�°(é�zM�îþØ�U¢

y§ùÒ´¤¢��êp(exponential wall)JK[15]"3ù«�µe§<�uÐ


üaÌ��?nÃã§=fÍÜÚrÍÜü«Ãã"fÍÜå»�g�´r

��õN¯KCq=z���üN¯K§?éüN¯K¦°§'X²þ|n

ØÚ�Ý�¼nØ[17, 18]¶rÍÜå»�g�´�¡õNÅ¼ê§�´�¦^

��Ü©Ä¥þ§DK�Ü©@�Ø��Ä¥þ§ù�Ò¦��5��ê�

�[ÚO��±��k�?n§'X©Ù�p�^(Configuration Interaction,

CI)[19]§þf�Akâ(Quantum Monte Carlo, QMC)[20]§Wilsonê��z

+(Numerical Renormalization Group, NRG)[21]§�ÝÝ
�z+(Density

Matrix Renormalization Group, DMRG)[22]�"Ù¥§DMRGÚQMCÅì¤�

ü«�2�¦^�ü«O��{§3ïÄr'é¯K¥u�
���^"

QMC3�Ý?nþvk?Û�¦§�´éuÉÊH'5�¤�fXÚÚ

äk{��g^XÚ§��¬ÑyJ±�Ñ�KÎÒ¯K[20]¶DMRG�@�

´?n��þfXÚ�°(�O��{§�´éu��½�p�Ý§Ù°ÝÉ

���"Cc5§þf&EnØ¥þfÅ�Ú&E��Ú\§�þfõNXÚ

5\
#�)·å§<�Åì¿£���XÚDMRGO�¤���þfÅ¼ê

�±L«�¤¢�Ý
¦È�[23]§®²y²[24]§Ý
¦È�÷vÅ���¡

È½n[25–27]§DMRG3��XÚO����Å¼ê§¤£ã�Å��Ø÷

v¡È½n§�ó�§3p�XÚ§DMRG���Å¼êØv±£ãXÚ¤ä

k�Å�§ùÒ´DMRG3��kUXXÚó�éÐ§�3p�XÚ�Çé$

��Ï"�
�Ñù«(J§�X�#�Vg§ÃXÜþ�ä�.(�)[28]§Ý

�Å�é�[29, 30]§Å��z[31, 32]§Ú�'��{A$)§'XÜþ

�z+[33]§Ã���¹�üz¬�~�{[34, 35]§�=£Ý
�z+�

{[36, 37]§Ã���Ý�Å�é��{�[38]"�©�ó�Ò´3ù«�µe§

÷XÜþ�ä�.(�)ù^�þ¤��}Á§�{�Ð�g�5uÜþ�
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ã 1.1: NRGÚ½µ£a¤Ð©XÚ§¹kN��:§M�î�ê�D"£b¤�X

Ú¥\\n��:§/¤��N+n��XÚ§M�î�ê�Dq"£c¤�zÚ

½��§XÚ�:ê8�N+n§M�î�ê�D"ùpb�q�n�:XÚ�F

�ËA�m�ê"

z+�{"

1.2 Wilsonêêê������zzz+++���{{{

¤¢�z+§ÙØ%g�Ò´ÏL�zC�§ÅìòXÚ¥Ø�(Ø

�'§irrelevant)�gdÝ�ÈK§��3�(relevant)[39]�gdÝ§l�

����?n�$Uk�nØ§ù�´và�Ôn¤'%�SN"lê�O�

�Ý5`§òXÚÅ¼ê�Ä¥Ðm§3�g�zC�¥§�z+��^

Ò3uDK�é����Ä¥þ§��3����Ä¥þ§l �
F

�ËA�m��ê§¦O��±?1"¢��z+C��'�3u§XJ

�½=
Ä¥þ´��§=
Ä¥þ´Ø��"

1975c§K. G. Wilsonòþã�z+g�Ú\và�ê�O�¥§JÑ

ê��z+�{(NRG)[21]"NRG�Ì�g�´§@�N�:XÚ�Uþ�

$��m3�EN + 1�:XÚ�Å¼ê�´��§Uþ�p���m´

Ø��"äN5`§±��ó�~§NRG���5Ú½´µ

1. ÄkÀ�N��:����XÚ§N����ûue¡�±?n��±

é�z�TÐ©XÚ�M�îHN+n��ê"

2. �XÚ¥O\n��:§éHN+n�î�é�z§HN+n = UΛU †§Ù

¥Λ®Uì�ê�l���^Sü�§éAu���UUþl$�pü�§@

�éA�Ä¥þ��5±d4~"

3. |^�ªÝ
UéN + n�:XÚ�¤k�ÎÔ��zC�§=Ä¥

C�µÕ = U †ÔU"�ýk�½��3Ä¥þ����ê�D§XJHN ��
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êdim(N + n)�uD§K��3Õ��þ�D×DÜ©£�ÐéAuU¥��
Ä¥þ¤§DKÙ{Ü©"

4. Åì*�8IXÚ§zO\��:K¢�2-3Úö�§��8IXÚ�

�¤�Ä�XÚoº�"

éu�Ð©V\�n�:XÚ§kØÓ��Y�±¢�"N. G. Wilson�Ð

�À�¦�n = N§=31.1(b)¥q = D§S. R. White�ÇÚR. M. Noack�Ç

uy§ù«�{ÉXÚ>.^��K�'��[40, 41]"�
)ûù�¯K§�

«�{Ò´�7�ÇÚG. A. Gehring 31992cJÑ�U?�NRG�{[42]§=

zg�XÚ¥\\���:§ù��¦>.Ø�~�§Ó��~�
z�Ú

�zö���äØ�§�Âñ�ÝCú§°ÝUõk�¶,�«�{§Ò´ò

8IXÚ�\���XÚ¥�ÄÄ¥�ÀJ§=dS. R. White�ÇJÑ��Ý

Ý
�z+�{[22]"

1.3 ���ÝÝÝÝÝÝ


���zzz+++���{{{

Wilson-NRG�{3?nÃXü,�CB(Kondo)¯K[21, 43]�§��
ã

��¤õ§�3?nÙ¦r'é�.½A^�Ù¦¬�XÚ�§NRG�O�

¿vk�Ñ-<÷¿�(J[44–46]"c[©ÛÙ�{¬uy§3�äÄ¥þ�

�5�§�k���â�^§@Ò´éA8IXÚ�$UþÄ¥þ3�E�

�XÚ�äk�p��5"ùÙ¢´��k�5�b�§¿ØäkÊ·5"

1975c§S. R. White�Ä
ù���¯KµN�:XÚ����m¥=
Ä¥

þ3�EN + 1�:XÚ�Å¼ê�´��§ò�z�ÝÝ
�VgÚ\ê

�O�§JÑ
�ÝÝ
�z+�{"

1.3.1 ���zzz���ÝÝÝÝÝÝ




ò¤�Ä�XÚ�©��§©O¡�XÚ(subsystem)Ú�¸(environment)§

�Ä�XÚ¡����¬(superblock)"XJò�¬�Ä�Å¼ê|ψ〉UìX
ÚÚ�¸�Ä¥þ©OÐmµ |ψ〉 =

∑
s,e ψse|s, e〉 §KXÚ��z�ÝÝ


(Reduced Density Matrix, RDM)�

ρss′ =
∑
e

ψ∗seψs′e (1.1)
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ã 1.2: DMRGÚ½µ£a¤Ð©XÚ§¹kN��:§M�î�ê�D"£b¤d

XÚ¯!�¸¬!ü�ü�:�¤���¬§�:ê8�2N+2§M�î�ê

�(Dq)2"£c¤�zÚ½��§XÚ�:ê8�N+1§M�î�ê�D"ùp

À��¸¬�XÚ¬��:ê8ÚF�ËA�m�ê©O�Ó"

�±uy§ρ´���½���Ý
§¿�äk����5�µéu?¿�

���^3XÚþ��ÎÔ§§3�¬þ�Ï"��±L«�〈Ô〉 = Tr(ρÔ) =∑
i ΛiOi§ùpρ = UΛU †§Oi = 〈Ui|Ô|Ui〉§�LT�Î31i����þ�Ï

"�"

¤¢Ø�§Ò´`DKù
Ä¥þ��§éÄ�Å¼êK�Ø�"�

XÚÚ�¸�F�ËA�m�ê©O�m,n§y3�Ä��3XÚ�α�Ä

¥þ5Cqψ§äN5ù§���`�×À�ª���ù����8Iµé

�|ψ̃〉 =
∑

i,s,e xi,eu
s
i |s〉|e〉, ¦�||ψ〉 − |ψ̃〉|��§Ù¥u´����Ý
§L«é

XÚÄ¥þ�#�5|Ü"ù���¯K§�±ÏL��êÆC����

Y"

òψse�ÛÉ�©)§ψse =
∑

i V
s
i λiW

e
i§ù�ªf´é�Ii�ä��`

)"Ïd§þã¯K�)Ò´u = V . duk��{ü�¯¢§=ψse�mÛÉ

Ý
VÒ´XÚ��z�ÝÝ
ρ��ªÝ
U§=ku = U"ùL²§XÚ�

z�ÝÝ
¥�������mU§3�E�¬�äk�p��5(dλL

�)§ù
�mTÐéAuXÚ��¸Å��r��mV"Äuù�(Ø§S.

R. WhiteJÑ
�ÝÝ
�z+�{[22]"

1.3.2 ���ÝÝÝÝÝÝ


���zzz+++���{{{

Wilson-NRG�{��ä�ª´�â8IXÚ���méAUþ�p$5

��§DMRG��ä�ªK´�âXÚ��¸�mÅ��rf5��"E±

��ó�~§b�Ð©XÚ¹kN��:§o�XÚº���uN§���

3�G�ê�D"Ã�ó�DMRG�{�ÏL±eÚ½¢�µ
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1. P11→N��:�XÚ§P1N+3→2N+2��:��¸§O�ÑXÚ

Ú�¸�¤k�Î/ªÔsÚÔe§¿�EÑ�¬(¹k�:1→2N+2)�M�î/

ªHsup"éu²£ØCNX§�{ü��¸�{�±ÏLéXÚ���C��

�"

2. ¦ÑHsup�Ä�Å¼ê|ψ〉§¿dÙ��#XÚ(1→N+1)��z�ÝÝ


ρ"

3. éρ����©)§ρ = UΛU †§|^�ªÝ
Ué#XÚ�¤k�Î�

�zC�§=Õ = U †ÔU§,���3Õ��þ�D ×DÜ©"

4.�XÚ¥\\��:§Ó���Ä\\��:��¸§d��XÚ¹

k1→ N+1§�¸¹kN+4→ 2N+4§�¬¹k1→ 2N+4"�EE2-3Ú

½§���¬�º��u�ÄXÚ�oº�"

þã�{´Ã�ó�DMRG�{§zg�ÄC�o´�éXÚ?1§�

¸�´��9Ï5`zéXÚ�Cq"XJ�é�¸ÚXÚÑ�`z§�±\

\×£Å�§=3þã14Ü�¤��§�±�¬º�ØC§UYO\XÚº

�§Ó� ��¸º�(�º���¸�Î®²33-4¥��)§,�¦^3-4�

���XÚ��Î"�EEù�Ú½§���¸�º� ���?n���

º�N",����×£§=*��¸º�§~��¸º�§ÏL�¸��z

�ÝÝ
5�#����¸�Î§��XÚº�����º�N"�Eùü«

���×£§���¬�UþÂñ�ý��°Ý"ù«�k×£Å���{�

¡�k�ó�DMRG�{[47]"

�Kþ5`§éuk�ó�XÚ§k�ó��{oU��'Ã�ó��{

��°(�O�(J"¤±§3ê�O�¥§Ø��¦)9åÆ4�§õ¦^

k�ó�DMRG"

1.3.3 ¡¡¡ÈÈÈ½½½nnn

DMRG3þf��XÚ¼�
ã��¤õ§®²¤�ú@�¦)��þf

XÚ��°(�O��{"�éu��þfXÚ[48–50]§§�U?nk�º�

XÚ§é��º�Ù(J�O(Ý��û'"Ó�§du���{õ´ò��

¬�.�¤��XÚ§Xã1.3¤«§ùØ�;�/<�3XÚ¥Ú\
�§�

p�^§ØÎÜ��þ�Ônã�§�Ø´DMRG�{�`³¤3§ù=´¤

¢��p�^Û�5�»�(locality broken)"
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ã 1.3: ��þf�:�.��«�U�DMRG�{" (a)Ð©��:�/§

5× 5���f§ù!7!É!�8�ÓÚ�:�m´�C�"(b)ò(a)./¤�

��ó�/§�
¦Ù�3Ð©��p�^�§7L3ù!7!É!�8�Ó

Ú�:�m\\�p�^§ùÒ��u3��óþ�å�9��¥þ�ü��

:�mÚ\
�p�^"

C
c5§þf&E¥Å��Vg�Ú\§¦�<�¿£�ù«�¹�Å

���¡È½n(Area Law)[27]���'"

éu��kUX�£��.¤XÚ§�Xº��O�§XÚÚ�¸�m�

Å��S§�XÚºÝLkù��ê'X§Xã1.4¤«µ

S ∼ Ld−1 ∼ logDmin (1.2)

Ù¥d´XÚ��Ý§Dmin´�£ãù«Å�¤I�����Ä¥þê8"3

���/§�±uyS¬ªu�Ú§�LÃ'§ùÒ´Å���¡È½n[25]"

éu��XÚ§§��î�y²[26]§�±uyDmin´��~ê§����£

ãÅ���Ä¥þê8´��~ê§���3G�ê�uDmin§DMRGo´�

±§¢/£ãXÚ§��°(�O�(J"®²y²§DMRGO�¥¤���

ØÄ:Å¼ê´Ý
¦È�[23]§Ý
¦È��y²[24]´÷v¡È½n�§

l�±n)§DMRG3?n1���.XÚ�´�~k��"

�éu��XÚ§XJ¡È½n´�(�(¿vkî�y²)§@o

Dmin ∼ eL (1.3)

ù«�ê'X´DMRG¤ØU¢y�§ÏdDMRG3��þ�U?nk��º

�L§�KþØUÃ���º�"ùÒI�uÐÑ�«#��±�Ñù«¡È
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ã 1.4: ¡È½nã«"ò��XÚ©�üÜ©§©O¡�XÚÚ�¸§üö�

m�>.¡�entanglement link§¡È½n�ã
U
£ãT>.&E���

7�^�"

½nb`�O��{"

1.4 ���AAAkkkÛÛÛ���{{{

�Akâ�{(Monte Carlo)�DMRG��§Ñ´rÍÜÃã��«§=

Ø�ÜO\F�ËA�m�¤k�/§��3�Ü©�/5CqXÚ"ØÓ

uDMRG§Monte CarloØ��?n�Î§ØéÄ¥þ��5?1çÀ§

´éXÚ�/?1�ÅÄ�§éÄ���/�¬?1Ï"²þ§��¤k

�*ÿÔnþ�ÔnÏ"�"|^y��Ä��{§'X8ì�#(cluster

update)§*ÐXn(extended ensemble)§¿1£»(parallel tempering)§ý�

õê²;XÚÑ�±��éÐ��[§O��d��´XÚº���$

g�(Ï~��5)"ùp¡��~	Ò´g^Àæ(spin glass)XÚ§®²y

²[51]§TXÚMonte Carlo�O��d�XXÚº�´�(½5õ�ªO

�(non-deterministic polynomial, NP)�§�é���Uõ�ªO���{´Ø

��U�"

1.4.1 þþþfff���AAAkkkÛÛÛ���{{{���KKKÎÎÎÒÒÒ¯̄̄KKK

Äkw²;�AkÛ�¢�Ú½"éu?Û��²;ÚO�.§ÙÔn

þA�Ï"�〈A〉Ñ�±�¤Xe/ªµ

〈O〉 =

∑
c∈Ω O(c)p(c)

Z
(1.4)
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ùp¡§Z =
∑

c∈Ω p(c)=�©¼ê§p(c) = e−βE(c)=Å�[ùÏf§Ω�T

�.¤�UÑy���m§c��½��«�/"¢�þ§p(c)�Ñ
�½�

/c3��m¥Ñy�AÇ(UìZ?18�z)"3¢SO�L§¥§Ø�Uò

¤k�c¡Þ§´�ÅÀ�
�X��/ci§,�^3d8Ü¥�¦Ú5�O

þª¥��mΩ�¦Ú§=µ

〈O〉 ≈ Ō =

∑N
i=1O(ci)

N
(1.5)

ùpM�¤Ä����oê§Ä��Ø�ε ∼ 1√
N
"ùp��Å�Lüg¹Âµ

=��{²(ergodicity)Ú[�²ï(detailed balance)"{ü5`§cö´�l

?¿�«�/Ñu§ok�U/²Lk�Ú�Å1r0��?¿,	�«�

/§�ö´�éu?¿�«�/§Ùüz�Ù¦�/�AÇo�udÙ¦�/

üz£5�AÇ"ùü�^��º
/�ÅÄ�0�7�^�"

éu²;ÚO�.§À��/AÇp(ci)�Å�[ùÏfe
−βEio´���

Kê§ÏdÄ�o´k��"�éuþfXÚ5`§þã�{¥Ä���/

Ñy�AÇp§du�{��Ï§k�U¬ÑyKê[20]§éu¤�fó§Ù

�5uÅ¼ê��é¡"ùÒ¿�Xk��/Ø´Ä���Ü§34à

<s�/e§k��/�ê8Neff�ÓÄ�ê8N�é��Ü©"duMonte

Carlo�O�Ø�´�
√
Neff¤�'�§KAÇ�Ñy¦O�°Ýîü$"�

�Jp°Ý§7LJpNeff§7L4�/Jp��Ä�N�ê8"ù�Ò��


Monte Carlo�{�Ð©"®²y²§�ÏLO�N5)ûKÎÒ¯K§¤I

��O��d�´NP(J�[52]"

3k
XÚ¥§KAÇ´�±ÏLÙ¦Ãã�Ø�§'X���fþ�þ

fHeisenberg�.§�éu�
XÚ5`§ÃX�õê¤�fXÚÚäk{�

�g^XÚ§KÎÒAÇ´éJ�Ø�§®²¤�TO�+������)û

�¯K"

1.5 ���ØØØ©©©���SSSüüü

3�Ø©��YÙ!¥§ò�)nÜ©�SN§ÄkXÚ0�Üþ�ä�

.!Üþ�ä�§Úyk�Üþ�ä�{§XQãÜþ�z+�{§,�

0��Ø©�Ì�ïÄSN§=�g�z�{(SRG)§Äup�ÛÉ�©)
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�Üþ�z��g�z�{(HOTRG/HOSRG)§Ú\\×£Å��k�

º��g�z�{(finite SRG/HOSRG)"

1�Ù§l�ÝÝ
�z+�{�\§Ú\Ý
¦È��Vg§¿ºY

0�Üþ�ä�!Üþ�ä�.§�Üþ�ä�{"�{ò:0�Üþ�

z+(TRG)�{"

1nÙ§�u�ÝÝ
�z+(DMRG)�Wilsonê��z+(NRG)�

«O§·�JÑ
�g�z(SRG)�{§¿|^SRG�{ïÄ
²;Ising�

.�9åÆÚþfHeisenberg �.�Ä�"§�Ä
�¸3oâzL§¥�

�z�A§4�/Jp
TRG�O�°Ý§��¥þÝK�{�(Ü§Jø


�«°(©Û��þf�:�.���5�{"

1oÙ§�
¦Üþ�ä�{U
?n²;�.3n��Ä�§·�JÑ


Äup�ÛÉ�©)�Üþ�z+(HOTRG)�{"§¦^p�ÛÉ�©

)§é��ÛÜ�ìqÜþ?1
`z©)§3���fþ��
'TRG��

°(�(J§¿��±��·^un�¬�XÚ"·�¦^HOTRG§¿�Ä

�¸�K�uÐÑ
HOSRG§ïÄ
²;Ising�.3{üá�¬�þ�9å

Æ§��
î8����°(��z(J"òHOTRG�{·^u���f

þ�þfIsing�.§·�Ø���
Ä���.^|§���
�½^|�9

åÆ1�§uy
k�§Ý�C"

1ÊÙ§�uÃ�ó�DMRGÚk�ó�DMRG�«O§·�JÑ


{ük�º��{§Ú\\×£Å��k�º��g�z+�{(finite

SRG/HOSRG)§T�{¿©�Ä
z�ºÝþ�¸��z�A"3���

fþIsing�.�finite HOSRGO�(JL²§k�º��g�z+�{�±

?�ÚJp�g�z+�{�O�°Ý"

��´é�Ø©�o(§¿Üþ�ä�{��5�ÑÐ""N¹¥§éÄ

u=£Ý
g��Ù¦Ì���
Üþ�ä�{�
£ã"



111���ÙÙÙ ÜÜÜþþþ���äää���...(���)���ÜÜÜþþþ���zzz+++���{{{(TRG)

éu²;ÚO�.§�±y²[33]§���p�^/ª´Û��§Ñ�

±z�Üþ�ä�.§=Ù�©¼ê�±�¤�X�Üþ¦È�/ª"éu

þf�:�.§<��âþ�Ù0��¡È½n��¦§�EÑ
�a÷v

Ù�¦�Å¼ê§=Ý�Å�é�(Projected Entangled-pair State,PEPS)[29]§

3��Ú���fþ=´Ý
¦È�(Matrix Product State, MPS)ÚÜþ¦

È�(Tensor Product State, TPS)"��5`§PEPSÚ,	�üaÅ¼ê§=

ä/Üþ�ä�(Tree Tensor-network, TTN)[53]ÚõºÝÅ��zb�Å¼

ê(Multi-scale Entangled Renormalization Ansatz, MERA)§Ú¡�Üþ�ä

�(Tensor-network State, TNS)[30]"3�©d?±e§Ø�AÏ`²§�ßå

�§Üþ�ä�A�PEPS"<�b�Üþ�ä�´þf�:�.Ä�Å¼ê

�§¢L«[29]"

ÄuÜþ�ä�.§�X�O��{�JÑ5^±O�ù
�.��

©¼ê§'XÃ��müz¬�~�{(infinite Time-evolving Block Decima-

tion, iTEBD)§�=£Ý
�z+�{(Corner Transfer-matrix Renormal-

ization Group, CTMRG)§Üþ�z+�{(Tensor Renormalization Group,

TRG)�"éuþf�:XÚ§1�Ú´�é�Ä�Å¼ê�Üþ�ä�L«§

1�Ú´�âÅ¼ê5¦�Ônþ�Ï"�"8c®²k�(½Å¼ê��

{kTEBDÚiTEBD�{§±9Ù3���í2/ª§¡��¥þÝK(Bond

vector projection)�{[54]§±9��ÄuÅ¼êC©�PEPS[55]ÚiPEPS[38]�

{"Ï"��O��{�²;�.�Ó"

2.1 ²²²;;;ÚÚÚOOO���...���ÜÜÜþþþ���äää���...

Xþ¤ã§�±@�Üþ�ä�.Ú�p�^´Û�/ª�²;ÚO�.

´�d�"¯¢þ§éu?ÛäkÛ��p�^�ÚO�.§Ù�©¼êþ�

�¤Üþ¦È��/ª"
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ã 2.1: ¢�mÜþ�ä�.�½Â"(a)�©¼ê�Üþ¦ÈL«"(b)ÛÜÜ

þT�½Â"(c)Å�[ùÏfA�©)§3Ø�Úå· �¹e§ùp9±�

ã«¥§Ý
�Ù���Ý¿Øwª«©"

±²;Ising�.�~§H = −J
∑
〈ij〉 SiSj. 3���/§�âÚOåÆ§

3g^L�e§Ù�©¼ê�±�¤±eÝ
¦È�/ªµ

Z =
∑
S

eβ
∑
i SiSi+1 = Tr(A...A) (2.1)

ùp§A´��Ý
§=´��2�(order)Üþµ

A =

[
eβ e−β

e−β eβ

]
(2.2)

ùp9±�§β = 1/kBT"

3���/§'X���f§Ù�©¼ê��±�¤Üþ¦È/ª§=X

ã2.1¤«µ

Z =
∑
ijk...

TT...TT (2.3)

ùpT´½Â3�:þ�ÜþµTijkl =
∑

αWαiWαjWαkWαl, W5uÀ�[ù

ÏfAαβ = eβSαSβ�©)§=A = WW †"

2.1.1 éééóóó'''XXX

���f�~f¥§ÛÜÜþT´½Â3¢�m�fþ�§ÙÜþ�ê�

u�:�� ê"éun��f§XJ�½Â3¢�m§@oÛÜÜþ��ê

ò¬´6§ùéuO�Ú�Y?nÑ´Ø�B�"



1�Ù Üþ�ä�.(�)�Üþ�z+�{(TRG) 13

ã 2.2: éó�mÜþ�ä�.�½Â" (a)8��f�n��f�éó'X"

(b)éóCþ�½Â"(c)éó�m�Üþ�äL«"

�
)ûù�¯K§��±òÜþ�ä�.½Â3éó�m¥"n��f

��f�éó�f[56, 57]´·¶8��f§�
¢yù�½Â§I�ò�©¼

ê�XeC�µ

Z = Trbonde
−βH = Tr4e

βJ(SiSj+SjSk+SiSk)/2 (2.4)

Ú\½Â3�þ���V�ICþσij = SiSj§K½Â3���n�/þ�Å

�[ùÏf¤�eβJ(σij+σjk+σik)/2.c[©ÛÒ¬uy§du´V�ICþ§n

�σCþ´ØÕá�§I�÷vn�/�å^�µσijσjkσik = 1§ÄK§��¦

Úúª´Ø�d�"ù�±5§�©¼ê�±L«�µ

Z =
∑
4

eβJ(σij+σjk+σik)/2 · σijσjkσik + 1

2

=
∑
σ

eβJ(σx+σy+σz)/2 · σxσyσz + 1

2

=
∑
xyz...

SSS...S (2.5)

�±wÑ§ùÒ½Â
��3éó�f£·¶8��f¤þ�ÛÜÜþ§

Sxyz = eβJ(σx+σy+σz)/2 · σxσyσz+1

2
, σ = ±1§� ê�3§Xã2.2¤«"

éu���f§Ùéó�fE´���f§=géó"éó�fþ�Ü

þS½Â�µ

Sijkl = eβJ(σi+σj+σk+σl)/2 · σiσjσkσl + 1

2
(2.6)
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XJr§�¤¢�mþ¦È/ª§=µ

Sijkl =
∑
α

XαiXαjXαkXαl (2.7)

Ù¥

X =
1

21/4
×

[
eβ/2 e−β/2

eβ/2 −e−β/2

]
(2.8)

ù��uz^�þ�Ïf´B = XX†"�±uy§T�Ïf�Å�[ùÏ

fA´é´�§=�±Ó�é�z:

A = PΛP, B = PΓP (2.9)

Ù¥

P =

[
1 1

1 −1

]

Λ =

[
cosh β 0

0 sinh β

]

Γ =

[
eβ 0

0 e−β

]
(2.10)

ù�±5§XJü�é�
�Ó§Kü«ÜþÒ7½�Ñ���Ó�9

åÆ1�§ùÒ¦�üö3Ising�.þïá
��N�'X§=¢�m�§

Ýβr�9åÆ§�éó�m�§Ýβd�9åÆ´�d�§Ù¥βrÚβd�m�'

X´µ

tanh βr = e−2βd (2.11)

ü�§Ýe�gdU'X�µ

Fr
Fd

=
2 cosh βr
eβd

(2.12)

Ó�du¢�mÚéó�mAT�Ñ�Ó����f��.:§¤±ü�

�.:�U�péA§=�.:Tc = 2/ log(
√

2 + 1)´�§2.11 �)"
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ã 2.3: ���fþþf�.Ä�Å¼ê�Üþ�ä�L«"

2.2 þþþfff���:::���...���ÜÜÜþþþ���äää���

<�@�Üþ�ä��±§¢/L«þf�:�.�Ä�Å¼ê"±��

�f�~§Xã2.3¤«§§þ¡�Ä�Å¼ê�±L«�µ

|Ψ〉 = Tr
∏
i

Txix′iyiy′i [mi]|mi〉 (2.13)

ùp§du���f´üf�(�§ùp=k��ÛÜÜþT§Trace�Lé¤

k�|�mÚ¤k�E�I¦Ú§ùÒ´¤¢�Üþ¦È�"éuVf�(

�§'X8��f§��I�ü�ÛÜÜþ"�±uy§ùp�ÛÜÜþ§Ø


äk�� ê�Ó�ê�J[�I(virtual indices)	§�k���	�éA

g^�I�ÔngdÝm"

2.2.1 DMRG���ÝÝÝ


¦¦¦ÈÈÈ���

3���/§Üþ�ä�Òz�Ý
¦È�[58, 59]"®²y²[23]§

DMRG3��O�¥���ØÄ:(fixed point)Å¼ê§Ò´��Ý
¦È

�§ÙÄ�/ª´

|ψ〉 = Tr
∏
m

T iab[mi] (2.14)

�±y²[58]§?Û��Ý
¦È�§Ñ�du,��äkÛÜ�p�^

�Hamiltonian�Ä�Å¼ê"Ý
¦È�3þf�:�.¥k��î��¢

y/ª§Ò´1��/e¤¢�d��N�(Valence Bond Solid State, VBS)"

§´�§ò�k�Ông^©¤eZ��êg^§z��êg^Ñ�Ù�

C�:þ��ê�g^/¤g^ü�(singlet)§ù����aq�N�½G

�"31�XÚ¥§g^1�AKLT�.[60]§ÙÄ�Ò´VBS�"
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ã 2.4: AKLT�Ý
¦È�"(a)g^�©�VBS���¤§Ù¥PL«�^

3�:þ¡�ÝK�Î§|φ〉�L���ü�9Ïg^/¤��g^ü�"
(b)VBS��Ý
¦È�L«"

AKLT�.´dI. Affleck, T. Kennedy, E. Lieb, H. Tasaki o�<31987c

JÑ�§ÙM�îþ´

H =
∑
i

Si · Si+1 +
(Si · Si+1)2

3
(2.15)

Ù¥Ø
°Ü���	§�õ
��V²��(biquadratic term)"Xã2.4(a)¤

«§ÙÄ�Å¼ê�±@�düÚ�¤µÄkz^�¤ë��ü��C�g^

�¤g^ü�§ù
g^ü��¦È�¤���È�§z��:þ�ü�g^

��Õá§�¤ü��g^�o�m¶,�z��:þ�3��ÝK�{§

òéA�:þVg^�o�mÝK�g^1��m(=n�§triplet)�"

�âþ¡�`²§éN´òVBS�Ý
¦È�L«�Ñ5[61]"b�z�

�:þg^©Ùl��m´(ai, bi)§g^ü��Ä¥|¤KAT´(b, a)§Pë

�1iÚi+1�:���i§K�È��±L«�µ

|φ〉 =
∏
i

|φi〉 (2.16)

Ù¥§|φi〉 = |12〉−|21〉√
2
§ùp�½|1〉 ≡ | ↑〉, |2〉 ≡ | ↓〉. XJL«�Ý
/ª§

K|φi〉 =
∑

αβ Bαβ|αβ〉§α, β = 1, 2§

B =

[
0 1√

2

− 1√
2

0

]
, (2.17)
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1�Ú§K´I�òz��:þ�o�mN��n��m§DKg^ü

�"ù����ÝK�Î�±L«�µ

P = |+〉〈+|+ |−〉〈−|+ |0〉〈0| (2.18)

ùp¡|+〉 = |11〉, |−〉 = |22〉, |0〉 = |12〉+|21〉
2

, XJ��¤Ý
/ª§P =∑
αβσ A

σ
αβ|σ〉〈αβ|, ùpσ�1§2§3§©O�L+,−, 0n�§

A1 =

[
1 0

0 0

]
,

A2 =

[
0 0

0 1

]
,

A3 =

[
0 1√

2
1√
2

0

]
, (2.19)

5¿§Ï�ùp´n�§Ä¥Ñ´é¡�§¤±(a, b)�(b, a)´�d�"

ù�±5§B�wª�ÑVBSÅ¼êµ

|Ψ〉 = (
∏
i

P i)(
∏
|φi〉)

= (
∏
i

∑
αiβiσi

Aσiαiβi|σi〉〈αiβi|)(
∏
j

∑
αj+1βj

Bβjαj+1
|βjαj+1〉)

=
∏
i

∑
α,β

Aσiαi,βiBβiαi+1
|σi〉

= Tr
∏
i

Tαi,αi+1
[σi]|σi〉 (2.20)

ùp¡¦^
Ä¥���8�5§=〈αiβi|αjβj〉 = δijδαiαjδβiβj§Ó�½ÂÑ


Ý
¦È��ÛÜÜþµTαγ [σ] =
∑

β A
σ
α,βBβγ"dd§·��EÑ
�

�VBS�Ý
¦È�L«§Xã2.4(b)¤«"Ù¥α, β, γ�LÚ\�9Ï�êg

^��I§´J[�I§σ�Lz��:þg^1¤Üm�n��m§´Ô

n�I"
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2.2.2 ���������fff���ÜÜÜþþþ���äää���

Xþ¤ã§éu���þf�:�.§z�ÛÜÜþÑäk�� ê�Ó

�ê�J[�I§Ú��éAg^�Ôn�I"Ä��±dÜþ�ä�¤£

ã§ù´��Ônb�§¿vkî��êÆy²"Äud«b�§éõÔn�

.Ñ�±¦^Üþ�ä�O���{���~°(�¦)§ÏdÉ�<��5

�õ��à"e¡Ò{�0��eÜþ�ä��d5§±9Ù§�'�Å¼ê

b�"

2.2.3 ÝÝÝ���ÅÅÅ���ééé������ÜÜÜþþþ���äää���

<�Åì¿£�§Å���¡È½n3và��ê�O�¥§u�X�5

����^"3���/§DMRG¤���ØÄ:Å¼ê§�±L«�Ý


¦È�§Ý
¦È�´÷v¡È½n�§=MPS��v±£ãkUXþ

fXÚ�Å�§¤±DMRG3��k`û�Ly"3��XÚ§duMPSØ

÷v÷v¡È½n§ÏdDMRG�U?nk����XÚ"�
é���X

ÚÅ��k��£ã§F. VerstraeteÚJ. I. Cirac32004cJÑ
Ý�Å�é

�(PEPS)[29]�Vg§§´�a÷v÷v¡È½n�Å¼ê§3���/Ò´

þã�Üþ¦È�"

aquþãAKLTÄ�Å¼ê��E§Xã2.5¤«§PEPS���5�E

´UìXe?1�({üå�§�ÄÃ¡�²£ØC5���fXÚ): 3z�

��:þÚ\o�9Ïâf(l, r, u, d)§©O��þe�mo���§z�9Ï

âf��C��:þ�9Ïâf�m§�¤��Å��|φ〉(XVBS��g^ü

�)§ù��¤���È�§

|Φ〉 =
∏
bond

|φ〉 (2.21)

ùp�z�|φ〉Ñ½Â3�^�¥þþ§�¤|φ〉�ü�9Ïâf¡�Å�
é(entangled-pair)§Xã2.5¥��-ù!É-7ü�|Ü"é²w§|Ψ〉¥z��
:þ�o�9Ïâf�¤��ÛÜ��È�m§�
�ý¢�Ôn�éA§3

z���:þ¡§Ú\��ÝK�ÎP§T�Îòù�ÛÜ��È�mÝK�
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ã 2.5: PEPS���5/ª�E" (a)���fþ�þf�." (b)þf�.Ä

��PEPSL«"(c)z���:Ú\o�9ÏgdÝ§±ù�7Éo��:L

«"ã¥zü����9ÏgdÝ�¤����Å��|φ〉§±�5L«§z�
�:þk��ÝK�ÎP§ò9Ï�gd�mÝK�ý¢�ÔngdÝ�m§

^J�5L«"

ý¢�ÛÜÔn�m¥§=

P =
∑
α

|mα〉〈mα|

=
∑
α,lrud

Aαlrud|mα〉〈lrud| (2.22)

ùpAαlrud = 〈mα|lrud〉§ùp|mα〉�Lý¢�ÔngdÝ(XVBS�¥�g^n

�§α = +,−, 0)"

ù�±5§¤�E�PEPS/ªÒC�µ

|Ψ〉 =
∏
i

P i|Φ〉

=
∑
{mi}

∏
i

Ci
lrud[mi]|mi〉 (2.23)

ùp{Bå�§òÄ¥¥�α�I��§i�L�:IÒ§¦Úé¤k�{mi}|
�¦Ú§CdÝK�ÎÚ��Å��äNL«¤�¤"ùÒ��
dÅ�

é|φ〉ÚÝK�ÎP�¤���5Üþ¦È�§=¤¢�Ý�Å�é�"
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ã 2.6: ½Â3��óþ��©þ(binary)MERAÅ¼ê§ó��16��:"

�±w�§��9Ïâf��êv
p§�KþPEPS��±L«?Ûþ

f�"Ó��±w�§XÚÚ�¸�m�entanglement linkê8�u�	.�

ë���ê8§�'uXÚ�º�§Ïd^u£ãÅ����êD ∼ eL§�Å

���/ª§ª1.2§�Ó§�ó�§PEPSÅ¼ê�Kþ÷vb�¥��XÚ

�¡È½n"�?�Ú§X©z[29] ¥(²§?Û��PEPSÅ¼ê§7,é

Au,�äkÛ��^/ª�M�îþ�Ä�§Ïd�±b�§¿Ï"(¢X

dµ��þf�:�.���.Ä�Å¼ê§�±^PEPS§¢/£ã"

2.2.4 õõõºººÝÝÝÅÅÅ������zzzbbb���ÅÅÅ¼¼¼êêê���ÜÜÜþþþ���äää���

Ø
Üþ�ä��	§�k�«AÏ�Å¼ê§=G. Vidal32007cJÑ

5�õºÝÅ��zb�Å¼ê(MERA)[32]§ÙÅ¼êg�I�ÏLéØ

ÓºÝþ�Üþ��EC©�`z��"

MERAÅ¼ê�/ª§�PEPSØÓ§3���/e§Xã2.6¤«" �x

/`§MERAÅ¼ê�PEPS�ØÓNy3±eA��¡µ

1. MERAÅ¼êd�X�?uØÓºÝþ�N�Ý
{ui}§¡�)Å��
Î(disentangler)§Ú�åN�Ý
(isometry){wi}��ë��¤§ù
Ý
½
Â3d/�:��Ú�z(RG)ºÝ��0�¤�p��m¥¶PEPSÅ¼

ê´d?uÓ�ºÝþ�ÜþT�¤§§�´½Âd/�:��ÚÔngdÝ

��(Xg^!¢�!J���)0�¤�p��m¥"éu�©þMERAó§
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RG��þ��Ýl = log2N§Ù¥N�XÚo��:ê8§PEPS�Ôngd

Ý��o´�´���I®"ùp�åN�Ý
�½Â´: w†w = I§=�

@�w´���ä�N�Ý
§3ùp§ò���IN�¤���I"

2.MERAÅ¼ê��zC�´ÏL��ºÝþ�{ui}Ú��ºÝþ
�{wi}�U�^�¤§ù
Ý
´��Å¼ê�|¤Ü©§PEPS��

z´ÏL=£Ý
��^§�äÚ�#Å¼ê5�¤�§ù
ö���Ø´

Å¼ê�|¤Ü©§�´dÙ��®"MERA�zC��g�3uù��

�b�µ)Å��Î�±k�/òü���¬�m>.þ�á§Å��Ø§

�å�Î�´òXÚ��§Å�Â8å5§�Ò´`MERAÅ¼ê�°�3u

�Øá§Å�§lïáåØÓºÝþÅ¼ê�k�'é§ùüa�Î�(

½ÑI�ÏLéUþ?1C©S���"

3.MERAÅ¼ê�8�z´gÄ�±�§Ó�MERAÅ¼ê¥�*ÿ�Î

¤�9��:ê3¤k��zºÝþ�Ó�§=¤¢�/k�ÏJI(causal

cone)0§PEPSÅ¼ê�8�z´ÃÄ\þ�§�*ÿ�Î¤�9��:

ê3ØÓºÝþ�U´ØÓ�"ù3ã2.7¥�±�Ùw�"

�Kþù§éu��.XÚ§XÚ�'éºÝ'��§MERAÅ¼ê�3

é��G�êÒ�±£ãTXÚ�Ä�¶éu�.XÚ§XÚ�'é�Ýu

Ñ§=Å�3���mºÝþÑ�3§MERAÅ¼êÏL)Å��ÎéÛÜÅ

���Ø§�±'�²L/^����3G�ê£ãÑ�Ñ¡È½n�þf

�"duMERAvkKÎÒ¯K§�Kþ�vkaqDMRG�Ý���§Ïd

�^uéõ¯K�ïÄ§'Xþf�.y�[62–64]§ÿÀS[65, 66]§{�g^

XÚ[67]§¤�fXÚ[68, 69]�"�´Ù�{�C©A5§¦�O��dép§

�,k�
}Á§'X\\é¡55ü$�d[70, 71]§�ù�¡�ó�E,k

�?�Ú?1"

2.3 ÜÜÜþþþ���zzz+++���{{{

þ¡`�§?Û��=äkÛ��p�^�²;ÚO�.§Ñ�±éA�

��Üþ�ä�.§TÚO�.��©¼ê�±L«¤�Üþ¦È/ª"�´

duÜþg��A5Ú��¬��ÿÀ5�§Ø�U��°(Â K���

�µÝ
�¦È´��Ý
§Üþ�¦È´�����ê�Üþ"�
)

ûù�¯K§M. LevinÚC. P. Nave32007cJÑ
Üþ�z+(TRG)[33]�
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ã 2.7: MERA�Ï"�O�Úk�ÏJI"(i)〈Ψ|Ô|Ψ〉§(ii)�Kd)Å��Î

Ú�åÝ
�¤�ü 
��§SÈ¤�{�ã�"�±w�§z��ºÝþ

�Î¤�9��:ê8Ñ´�±ØC�"

{§^±Â ����"T�{3��²;ÚO�.þ¡äkéÐ�Ly§

Levin¦�^TRG�{3n��fþ°(½Ñ
Ising�.gu^z��êP~

1�"

2.3.1 oooâââzzzLLL§§§

±·¶8��f�~§LevinÚNave�JÑ�TRG�oâzL§Xã2.8¤

«" äN`5§�±©�±eüÚö�µ

1. ¬�C/"òz��8��f�8^>©¤2|§À½Ù¥�|�e¡

¤«�Ü©ö�§Xã2.9µ∑
m

T amijT
b
mkl = Mli,jk =

∑
n

SanliS
b
njk (2.24)

Ù¥§SdM�©)�(U, Λ, V)��"

2. �~(decimation)ö�"ò?u���n��fþ�n�ÜþÜ¿¤�
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ã 2.8: 8��fþ�oâzÚ½"

ã 2.9: 8��f�oâz1�Úµ¬�C/"

�#�n�Üþ§Xã2.10µ

T axyz =
∑
ijk

SajixS
a
kjyS

a
ikz (2.25)

T baq��"

²L11Ú§�:ê8vku)Cz§==´�:�/Gu)Cz¶²L

12Ú§�:ê8C�Ð©�f�1
3
§�f/GqC�8��f"ùüÚö��

¤
���zÚ½§Eù�Ú½§Ò�±¦�:ê8Øä~�§���:

ê8~��O�Å�±°(?n"

ã 2.10: 8��fþ�oâz1�Úµ�~ö�"
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ùp¡�����¯K´§3¬�C/ù�ö�p¡§I�éÝ
M�

ÛÉ�©)§#���SaÚSbÙ�Ó�Inäk��ê´d
2£b�i, j, kl z�^

���ê´d¤"ù�±53�~ö�¤����#�ÛÜÜþ�z�^���

êÑ´d2§=²Lþã��Ú½§�,�:ê~���5�1/3§�z�^�

��êC¤�5�²�"b��nÚoâz§@oÜþ��êò¬C¤d2n§=

¥�êO\§ù´Ø��É�"

�
)ûù�¯K§I�ò�z�g�Ú\þãoâzÚ½§=b�Ü

þ���ê(bond dimension)d'����ÿ§òn��êdd2~��ýk�½

����?n�ÝD"�
¢yù�:§LevinÚNave�ÄÛÜÜþM��`

z¯K§=XÛ��¦

|Mli,kj −
D∑
n=1

Sali,nS
b
jk,n| (2.26)

��§ùpD < d2"êÆþ§ù�¯K®²k
î��(Ø§=SaÚSbAT�

gÝ
M�ÛÉ�©)§=µM = UΛV †§Sa = U
√

Λ, Sb = V
√

Λ"ùpΛ´

����½�é�
§¿�é���®²Uìl����^Sü�§ÏdXJ

��ä�D§�I��3SaÚSb �cD�=�"Xþ�oâzL§\þù��

��äÚ½§�¤������zÚ½§�Eù�Ú½§�:��ê~��

�5�1
3
§�:��êK�õ��D§�zÚ½���?1e�§���

:ê8~��O�Å�±°(?n"

2.3.2 åååÆÆÆþþþÚÚÚOOO²²²þþþ������OOO���

þã�oâzL§¥§��¬��¹kü�ØÓ�ÛÜÜþ§=T aÚT b§

�©¼êÒ´ò����Â K¤�����ê�"�½��§Ý:t§�

±ÏL�.��EéAu�éÜþT (t)§Â Kù���Ò��ù�§Ý:¤

éA��©¼êZ(t)§=ÏLþã�Üþ�z+�{�±��XÚ�©¼ê

'u§Ýt�¼ê"|^ÚOåÆ��£§�±��gdU:F = −kBT logZ, S

UE = − ∂logZ
(∂1/T )

, '9Cv = ∂E
∂T
"

du�zL§¥�9�ºÝ���§ù3ê�þ¬E¤ÛÜÜþÙ��

4��ê�È\§Ïd7LéÜþ?18�z"b�8�z´3�z��~

ö�þ?1§=µT a(n+1) = T a(n)/λn, T b(n+1) = T b(n+1)/λn§ùpn�Ld1nÚ

�z¤��§Ð©ÜþP�0,b�ü@f�¦^�Ó�8�z"�Ð©�:o
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ê�N§Kkµ

Z = Tr(T a0 T
b
0T

a
0 T

b
0 ...)

= Tr(T a1 T
b
1T

a
1 T

b
1 ...) · λ

N/3
1

= Tr(T a2 T
b
2T

a
2 T

b
2 ...) · λ

N/3
1 λ

N/32

2

= ...

= Tr(T anT
b
n) ·

n∏
i=1

λ
N/3i

i (2.27)

ùp§b�²LnÚ�z+ö���§�:êC�2§=Ð©�:ê�N =

2× 3n"XJPR = Tr(T anT
b
n)§K�±��µ

log(Z)

N
=

∑
i

log(λi)

3i
+

log(R)

2× 3n
(2.28)

¯¢þ§·�k�«���°(�O�ÚOÆ²þ���{[54]"b�

·��O��ÎÔ�Ï"�§{üå�§�ÄÔ�^3�^�þ"�âÚOå

Æ§

〈Ô〉 =
TrOe−βH

Tre−βH
=
TrT ′aT

′
bTaTb...

T rTaTb...
(2.29)

1���Ò´5u±e¯¢µ©fþ�,´¹k��AÏÜþ���Â §

Xeã¤«"3�z�L§¥§XJzgÑéù�AÏ�?1ö�§o�±

�y3?ÛºÝþ��f(�§k��k�éAÏ�(¡�”,��”)"ù��

5§�zì~?1§�ØLéA,�:��E�ÊÏ:ØÓµÊÏ:¥�n

�Üþ§Ñ´dÊÏ:�©)��§,�:¥�n�Üþ¥§k��´d,

�:©)��§¿�ùü«�:��EpØK�"äNö�þ5`§

〈Ô〉 =
Tr(T a

′
0 T

b′
0 T

a
0 T

b
0 ...)

T a0 T
b
0T

a
0 T

b
0 ...

=
Tr(T a

′
1 T

b′
1 T

a
1 T

b
1 ...)

T a1 T
b
1T

a
1 T

b
1 ...

· λ
′2
1

λ2
1

=
Tr(T a

′
2 T

b′
2 T

a
2 T

b
2 ...)

T a2 T
b
2T

a
2 T

b
2 ...

· λ
′2
1

λ2
1

λ′22
λ2

2

= ...

=
Tr(T a

′
n T

b′
n )

Tr(T anT
b
n)
·

n∏
i=1

λ′2i
λ2
i

(2.30)
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8�z´?¿�§�´�
¦O�ÅU
·�/?n"XJ,�:ÚÊÏ:æ

^Ó��8�z�ª§=λ′i = λi§K·�¬����{ü�úªµ

〈Ô〉 =
Tr(T a

′
n T

b′
n )

Tr(T anT
b
n)

(2.31)

d«�{¡�/,�:�{0"

39åÆ4�e§XÚ�ÔnÆ5�òØ�6u>.^��À�"Ïd3

O�þ¡ü��{�,�'�§�±À^±Ï5>.?1{ü¦)"��5

¿�´§XJ´¦)9åÆ4�§¦^,�:�{�§�X�zÚê�O

\(=XÚº��O\)§���(J7LÂñ��½�°Ý"

2.4 þþþfff���:::���...���²²²;;;���[[[

éuþf�:�.§kü«�{�±?n"1�«´§|^Trotter-

Suzuki©)[72]§òd�þf�.N��d+ 1�²;�.§�|^aqTRG�

�{ò�����Â K���©¼ê¶1�«©�üÚ§1�Ú�´Ä

uTrotter-Suzuki©)§òþf�.��©¼êL«¤�,�=£Ý
��g

/ª§,�òÄ�Å¼ê�¦)=z¤�T=£Ý
�������¦)§1

�Ú§´|^���Å¼ê¦)Ôn�*ÿþ�ÚO²þ�§ùq�±=z

������Â "ü«�{�ØÓ�?3u§cö¤Â ���´d + 1�§

¹k1�trotter�Ý§�¡�²;�[�{§�ö¤Â �´��d���§

trotter¤ÐÑ��Ý3O�Ä�Å¼ê�®²ÈK§�¡�þfüz�{"

·�±��Heisenberg�.�~§0�ùü«��{�¢y"Heisenberg�

.�±�¤Xe/ªµ

H = Ho +He (2.32)

Ho =
∑
i∈odd

Hi,i+1 (2.33)

He =
∑
i∈even

Hi,i+1 (2.34)

du´þfg^§HoÚHeSÜ´é´�§�üö�m¿Øé´"

1�«�{§lXÚ��©¼êÑu§Z = Tre−βH"�´dug^�

mØé´§¦)traceI�rHoÚHe�©m"�Ä���Trotter-Suzuki©)µ
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ã 2.11: ?nþf�:�.�üa�{" (a)ò��þf�:�.N�¤��

�²;�.§Ù¥ù�µ¥¤«��üÝ
�À���=£Ý
" (b)ÛÜÜ

þA��I[!"

ex(A+B) = exAexB +O(x2)§Ù¥x����þ§O�L�dÃ¡�"�
~�Ø

�§ò�©¼ê�¤Xe�/ªµ

Z = Tre−βH = Tr(e−τH)M ≈ Tr(e−τHoe−τHe)M (2.35)

ùp§τ´���þ§÷vµτM = β"��òHoÚHe©m§K�±3þª�

\��8§=µ

Z =
∑
s1

〈s1|(e−τHoe−τHe)M |s1〉

=
∑
s

〈s1|e−τHo|s2〉〈s2|e−τHe|s3〉...

...〈s2M−1|e−τHo|s2M〉〈s2M |e−τHe|s1〉

= Tr
∏
i

Ai (2.36)

ùp¡si�LX1i�@Ä¥§Ai�½ÂXã2.11¤«§���©¼êÒ´òù

«��Â å5�����ê�"5¿d��Â ���§´��2���§

¹k��dutrotter©))¤�trotter�Ý"

1�«�{���Ä�Ñu:´§Ä�Å¼ê�±ÏLòÝK�{e−τHØ

ä/�^3���Ä�����?¿�þ¡��§=limτ→inf e
−τH →

|Ψground〉"Ó���Ï§7LòHoÚHe©m§ù��±ÏLþ¡�©)

¢y"Xd�5§ù�¯KÒ��u´Àe−τHoe−τHe���=£Ý
T£X
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ã2.11¥ù�¤«¤§Ä��´T������§Ù¦{Ò´Ý
nØp¡¦

��Ý
������ÝK�{§=�E�^3���Å�£éJ�Ð�Ä�

��¤þ¡§��Âñ"Äuù�g�§G. Vidal�<3cuÐÑ
¦)1�þ

f�:�.Ä�Å¼ê�iTEBD�{[34, 73]§ñù�!±���Ç!Ú�7�

ÇòiTEBD�{ÿÐ���§uÐÑ¦)��þf�:�.Ä�Å¼ê��¥

þÝK�{[54]"��Å¼ê��§Ò�±ÏL²þ��½Â5¦)Ônþ�

Ï"�"

2.4.1 ÄÄÄ���ÅÅÅ¼¼¼êêê���ÝÝÝKKK���{{{

�
`²§2�þf�:�.�*ÿþ�O�§ùp0��e2007cdñ

ù�!±���ÇÚ�7�ÇuÐÑ��¥þÝK(bond vector projection){"

ÙÄ�g�Ò´òe−τH�E�^3���Ä�����Ä�Å¼êþ¡§¿¦

^�¥þ\���ªéz�gÅ¼ê?1�ä§�ª���:�.�Ä�Å¼

ê"

H. C. Jiang�ó�´38��fþ?1�"ÙÚ½Ì�´µ

1.ÄkòM�î�Xe©µ

H = Hx +Hy +Hz (2.37)

Hα =
∑
i∈b

Hi,i+α (2.38)

Ù¥α��x, y, z§�Ln���þ�Ä��¥§Hi,i+α�Lα��þ��C�

�/¤�M�îþ"ù�±5§¦^þãTrotter©)úª§¿�\��8§�

±����Üþ��(�"

2.�½��Å�Å¼ê,

|Ψ〉 = Tr
∏

i∈b,j∈w,〈ij〉

λxi λ
y
i λ

z
iAxiyizi [mi]Bxjyjzj [mj]|mimj〉 (2.39)

Ù¥λx, λy, λz´n�½Â3�þ�ð�¥þ§¿Uìl���^Sü�§¡�

/�¥þ0§§��LXéAG���"XJéu���C�§kxi = xj"

Tr�Lé|�miÚ¤k�J[E�Ix, y, z¦Ú"XJr¤k��¥þÑá

Â?ÛÜÜþp¡§Ò¤��ÙcÜ©¤0��~��PEPSL�/ª"
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ã 2.12: �¥þÝK�{38��fþ�¢�"(a)Ð©Å¼êL«"(b)Ú(c)Û

ÜÜþS�½Â9©)"(d)��£Å¼ê/ª"

3.,�òe−τHx , e−τHy , e−τHz�g�^3|Ψ〉 þ¡"'X§òe−τHx�^3þ
¡§duT�Î´���È�Î¿����m�pé´§�±òz��Õá�

^3éA��þ§Xã2.12¤«"

�ÄÙ¥���µ

e−τHxixj
∑
mimj

[
λxλyi λ

z
iAxiyizi [mi]Bxjyjzj [mj]λ

y
jλ

z
j

]
|mimj〉

=
∑
mimj

λyi λ
z
iλ

y
jλ

z
jAxiyizi [mi]Bxjyjzj [mj]

∑
m′
im

′
j

|m′im′j〉〈m′im′j|e
−τHxixj |mimj〉

=
∑
m′
im

′
j

[∑
mimj

λyi λ
z
iλ

y
jλ

z
jAxiyizi [mi]Bxjyjzj [mj]〈m′im′j|e

−τHxixj |mimj〉
]
|m′im′j〉

(2.40)

·��8�´ò1��¥)Ò¥��E,L«¤1��¥)Ò¥�/ª§Ó�

�±o�Ù¦���λØC"����ù�:§�±w�Ò��uTÛÜ�Î

òÄ¥|mimj〉üz¤�|m′im′j〉"c[©ÛÙ¥��§òÙP�Syizim′
i,yjzjm

′
j
§X
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J�{ü/òü@�I©m§ÙÅ��IÒ�½´D2d§Ù¥D�J[�I�

�ê§d�Ôn�I��ê"�
¦O�±Ye�§7Lò�ê��¤D§ùÒ

I��ä"�âêÆ�£§é��Ý
��`�ä§�´þ©J9�ÛÉ�©

)"=µ

Syizim′
i,yjzjm

′
j

=
∑
x

Uyizim′
i,x

ΛxVyjzjm′
j ,x

(2.41)

�äÒ3x??1�ä=�"�
��¤Ð©Å¼ê�L�/ª§�±��ü

z��Å¼ê´µ

A′x,y,z[m] = λ−1
y λ−1

z

D∑
x=1

Uyzm,x
√

Λx

B′x,y,z[m] = λ−1
y λ−1

z

D∑
x=1

Vyzm,x
√

Λ′x

λ
′x = Λ (2.42)

λyÚλz�±ØC§§�3�#éA�����â���#"

4.�E�11nÚ½§��Å¼ê��Âñ�ý��°Ý"@�Âñ�Å

¼ê§Ò´�½M�î¤éA�Ä�"

2.4.2 ���***ÿÿÿÏÏÏ"""������OOO���

��Ä�Å¼ê��§Ò�±UìÚO²þ��½Â5¦)�*ÿþ�Ï

"�"5¿ù���¯¢µéu���Å¼ê§

|Ψ〉 = Tr
∏

i∈b,j∈w

Axiyizi [mi]Bxjyjzj [mj]|mimj〉, (2.43)

Xã2.13(a)§�±��µ

〈Ψ|Ψ〉

= Tr
∏

Ax′iy′iz′i [m
′
i]Bx′jy

′
jz

′
j
[m′j]〈m′im′j|Axiyizi [mi]Bxjyjzj [mj]|mimj〉

= Tr
∏

T axix′i,yiy′i,ziz′iT
b
xjx′j ,yjy

′
j ,zjz

′
j

(2.44)

Ù¥T aÚT b´½Â3���fþ�ÛÜÜþ§½Â´µ

T axix′i,yiy′i,ziz′i =
∑
mi

Axiyizi [mi]Axi′yi′zi′ [mi] (2.45)
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ã 2.13: þf�.åÆþÏ"��¦)" (a)Å¼êSÈL«" (b)ÛÜ�ÎL

«"

éu��ÛÜ�Îó§��±�A/�¤��aq�/ª§�ØL´

¬Ñy����Å��µ

〈Ψ|Ô|Ψ〉 = TrMyky
′
k,zkz

′
k,yly

′
l,zlz

′
l

∏
T axix′i,yiy′i,ziz′iT

b
xjx′j ,yjy

′
j ,zjz

′
j

(2.46)

Ù¥MÝ
�¹k�Î�&E§Xã2.13(b)µ

Myky
′
k,zkz

′
k,yly

′
l,zlz

′
l

=
∑
mkml

∑
m′
km

′
l

∑
xkxlx

′
kx

′
l

Axkykzk [mk]Ax′ky′kz′k [m
′
k]

Bxlylzl [ml]Bx′ly
′
lz

′
l
[m′l]〈mkml|Ô|m′km′l〉δxkxlδx′kx′l (2.47)

�±uy§Ï"��©fÚ©1Ü©Ñ´éu����Üþ���Â §

ù�¯Kqz8�Üþ�z+�{�A^§ù�²;ÚO�.�8�´��

�"Ïd§éuþf�:�.§Üþ�z+�{��¥þ�{�(Üå5§

Ò��¦)þf�:�.ÔnÆþ���5�{"
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l1�Ù�±��§ØØ´²;ÚO�.§�´þf�:�.§Ù9åÆ

þ�O��ªÑz���Üþ���Â §Üþ�z+(TRG)�{KJø


Â ù���Üþ���ê��{"c[©ÛTRG�{�L§§�±uy§

�z+�g�?\T�{�'��Ú§´éÛ�Üþ�ÛÉ�©)§T©)

´éÛÜ©)��`zCq§¿�%@
ù���b�µ�ºÝþ�ÛÜ�

`z©)�éA��ºÝþ�ÛÜ�`z©)"lù�:5ù§TRG�{a

quNRG[21]�g´§3�Ä���XÚ�Cq�§¿vk�Ä	Ü�¸"�

uDMRG[22]�g�§éXÚ��`zCqAT�Ä�¸ÚXÚ�Å�§=�

ÄoâzL§¥§�¸éXÚ��z�A§·�32009cJÑ
�g�z

+(Second Renormalization Group, SRG)[74]�{"T�{�Ö
TRG�{�

±þ"�§4�/Jp
O�°Ý"

3.1 ���¸̧̧������zzz���AAA

E±8��f�~§�g�z+�{�Ñu:´Äu±e¯¢µX

ã3.1¤«µ·��é�éÛÜ8ìÜþM��«Cq§Mli,jk ≈
∑D

n=1 S
a
li,nS

b
jk,n§

ù«Cq�éO����©¼ê�O�´�`�§=¦�Z = Tr(MM e)3M�

Cq�éZ�K���"ùp¡§M eL«Ø
XÚ8ì�	�¤k�:¤�¤

��¸8ì"TRG�{�n�§5uzg��äÑ¦�éM�Cq�`§=

Cq��¦�|M − M̃ |����"�¸��z�A§�Ä�XÚÚ�¸�
Å�§�¦�|Tr(MM e)− Tr(M̃M e)| ����"

3.2 oooâââzzzLLL§§§¥¥¥���¸̧̧���OOO���

�âþ¡�©Û§�¸8ìÜþM e3�g�z+p¡Ók�/ "

k±en«�{�±�ÄM e"

1.k�º��¸[56]"=�½��ºÝþ�Üþ�ä§°(/O�Ñ��º

���¸§Xã3.2"·��O��õO�k22��:��¸"



34 ÄuÜþ�ä�.(�)��z+�{ïÄ

ã 3.1: �`©)��þ"(a),��XÚM"(b)	Ü�¸M e"

ã 3.2: ,��XÚ�k�º��¸"(a)(b)(c)(d)©O£ãØÓº���¸"
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ã 3.3: O��¸�/¡<Ãã0"�Ð�ΛdM�ÛÉ�©)��"

2.¤¢�/¡<Ãã0(Poor man’s method)[56]"�Ä��Ã���Üþ�

ä§äm?¿�^�§ÒòXÚ©�ü�Ü©§�âùüÜ©��ÛÅ��±

3ù^�þ½Â���¥þΛ"éu8��f5ó§ù���¥þATk3a§

�Ï��fäk^=120o�ØCþ§ù3a�¥þAT�Ó"duz��¥þ

Ñ£ã
��XÚ�Å�§?¿��XÚ8ìM¤aÉ��¸==dΛ5£ã

ÙrÝ"d�§XJéXÚ?1Cq§@�`��ªÒ´��éΛ?1�ä"

�Ø3�´§éu?¿��ºÝþ�Üþ�ä§ù���£ã��XÚÅ��

�¥þ´���"

·�æ^
�e�ªéÙCqµÄkØ�Ä�¸§éM�Û��ÛÉ�©

)§��£ãÛÜÅ���¥þΛ̃",�òΛ̃��Cq�£ã�ÛÅ���¥

þ�^3M�o^	�þ§2�ÛÉ�©)§��#�£ãÛÜÅ���¥

þΛ̃"�E?1ù«ö�§���äØ���ý����þ?"d�§�±�

âÛÉ�©)��`z�XÚCq"

äN5`§Xã3.3¤«§=µÄk�M = UΛV †§,�

M̃li,jk = (ΛlΛi)
1/2Mli,jk(ΛjΛk)

1/2 (3.1)

≈
D∑
n=1

Ũli,nΛ̃nṼjk,n (3.2)

XJ�äØ���§KΛ = Λ̃EþãÚ½§ÄK§�±dþã©)��¤I
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ã 3.4: �¸3oâzL§¥�üz"(a)Ð©,��XÚ��¸"(b)�goâ

z����¸"

�ÛÜÜþµ

Sali,n = (ΛlΛi)
−1/2Ũli,n

√
Λ̃

Sbjk,n = (ΛjΛk)
−1/2Ṽjk,n

√
Λ̃ (3.3)

þã�{�b�´µÛÜ�Å��±ÅìD���XÚ§z�^�¥þ

Ñ�XÚÚ�¸¤²©"ù´�«²þ|�g´§Ù¢´é�¸�
��Xe

Cqµ

M e
lijk =

√
ΛlΛiΛjΛk (3.4)

���Ú§�
¦ÑXÚg��©)§�±¥m9Ïþ�/ªØC5§7Lò

���¸�o��¥þ��Ø"ù���«¦)�¸��{§�¡�²þ|C

q§½ö¡<Ãã"

3.TRG"

1�Ùp®²Qã§TRG´Â Üþ�ä��«k��{§¢S

þM e�´�«Üþ��§Ïd�Kþ�±^TRG5¦)�¸8ìÜþ"é

u8��f5ó§XJ�Ä�^�¤�¤�ü:��XÚ§K�{Ò´�¸§

�±Ï5>.��§�¸��I�XÚ��Ñ´XÚ�o^	�(li, jk)"e¡

�Äùo^�3�zL§¥�üzÚ½"

Xã3.4¤«§�±uy§�goâz��§o^	���¹3#�ü�Û

ÜÜþp¡§£Uì,�:�{�¡¢§¡¹kùo^	��:�,�:§�
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ã 3.5: TRGL§¥�¸�O�Úüz"

�,��¤§?ó�§�g�z��§,��/:C¤
��ºÝþ�,

��/:§�ä(���z�c���Ó§==´^=
���Ý®"

ù��5§XJ���ºÝþ�,��¤aÉ���¸(l′i′, j′k′)§Â Ko

�(�Üþ£Ò´©)Ñ5�¥mÜþS¤§Ò�±���ºÝþ�,���

¸(li, jk)"�d4í§Ò�±��Ð©,��¤aÉ���¸M e"��ºÝ

þ�,��§�±À���XÚ§===dü��ºÝÛÜÜþ¤�¤�XÚ

£�=´TRG���Ú�z¤���Üþ�ä¤"

äN5`§M e�¦)I�±e2�Ú½[74]§Xã3.5¤«µb�I�3,

�ºÝþéÛÜÜþ��ä§^(n)5IP3d�fþÏLnÚ�z¤���

ÛÜÜþ§Ð©�ÛÜÜþIP�(0).

(1).c�S�(forward iteration)"=3dT 0�¤��fþ�NÚ�z§

P¹z�Ú¤���(�ÜþS(i)§¿|^±Ï5>.�����Ú,��¤

aÉ���¸E(N)µ

E
(N)
li,jk =

∑
abcd

B
(N)
aib B

(N)
dcj A

(N)
akbA

(N)
dck (3.5)
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ã 3.6: ���Ú�¸E(N)�(½"

E(N)�(½�ëìã3.6"

(2).��S�(backward iteration)"�â,���¸�S�úª§d�ºÝ

��ºÝ4í§=µ

E
(n−1)
li,jk =

∑
i′j′k′l′

∑
pq

E
(n)
i′j′k′l′S

aα,(n)
ip,i′ S

aβ,(n)
pll′ S

bβ,(n)
qjj′ S

bα,(n)
kqk′ (3.6)

Ù¥α, β�Lx, y, zn����I§äN���c�S�k'"

�E|^þãS�úª§��¦ÑE(0)§=�¤I��Ð©XÚ��¸8

ìÜþM e"

3.3 ���¸̧̧���AAA������\\\

��¸8ìÜþM e¦Ñ��§Ò�±^§5K�XÚÜþ�©)"�â

�©¼ê�L�ªZ = Tr(MM e)§�±��M eü«ØÓ�¦^�ª"1�«

�ª´Äu�©¼ê�ÛÉ�©)§éAu�©Ý
��`z©)¶1�«´

Äu��ÝÝ
�Ì©)§éAuTºÝþ�©¼ê��`zCq"

3.3.1 ÄÄÄuuu���©©©¼¼¼êêê���ÛÛÛÉÉÉ���©©©)))

ÄkéM e�ÛÉ�©)§

M e = UeΛeV
†
e (3.7)

,�ò�©¼ê�C/:Z = Tr(MM e) = Tr(MUeΛeV
†
e ) = Tr(Zm)§ù

pZm��©Ý
§½Â�

Zm = Λ1/2
e V †eMUeΛ

1/2
e (3.8)
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ã 3.7: ��ÝÝ
: ÏLÂ KXÚØ,���	�¤kë���"

��©Ý
�ÛÉ�©)µZm = UΛV †§�âT©)�¦)ÑM�©)/ªµ

M = Sa(Sb)†

Sa = VeΛ
−1/2
e UΛ1/2

Sb = UeΛ
−1/2
e V Λ1/2 (3.9)

éM��ä§K3éAΛ?�ä"�±uy§ù«�ä´éXÚÚ�¸�Ó�

�Ä§=é�©Ý
��`z�ä§�¸éXÚ��z�A��¹3�©Ý


p¡"

3.3.2 ������ÝÝÝÝÝÝ


(Bond Density Matrix)

,	�«¦^�¸��{§´ÄuDMRGg�§�ÄXe�¹µ��XÚ

��Û�`z©)§A�¦�XÚÚ�¸�Å�����§Ý��f§3ùp

=�©¼ê��°(Cq"òMÚM e��ëÜ©�ÜÂ K§����¤¢

���ÝÝ
ρ[75]§

ρmm′ =
∑
ijkl

Ma
limM

e
li,jkM

b
jkm′ (3.10)

Ù¹Â��uäm���§òÙ{¤k��ë�Ñ¦ÚK§¤�e�Ý
§X

ã3.7¤«"�¤±¡��ÝÝ
§´duZ = Trρ"þª¥§MaÚM b5u

,��XÚM©)§=µM = Ma(M b)†£é¡å�§�dÛÉ�©)��¤"

duZ = Trρ = Tr(PΛP−1)§Ù¥(P,Λ)�ρ���é"��¦�ä�

�Z����§Ý/�±§7L�yΛ�ýé����eZÜ©3�ä���
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�3"Ïd§é���ä§�I�3Ùþ�\PP−1=�,

Sali,m =
∑
x

P−1
m,xM

a
lix

Sbjk,m =
∑
y

M b
jkyPy,m (3.11)

ùp§¿vkê��y¦�Λ´�½�§�´Ônþ5ù§o´Ï"§´�½

�"þã�ä3Py,m�m�I§éAuΛ��ä"ù���ä§¦��©¼ê�

����°(/Cq§�¸�&E���¹3�ªÝ
P¥"

3.4 TRG, SRG���(((JJJééé'''

·�òþã�g�z+�{§^u²;Ising�.ÚþfHeisenberg�.§

uySRG�±4�/JpO�°Ý[56, 74]§O�(J�\½Ú��"

3.4.1 ²²²;;;���"""���...

ã3.8L«ØÓk����¸¤���SRG(JÚTRG(J�é'"ùp§

î�I�§Ý§p�I�LO�Ñ�gdUfÚî�)frig�m��éØ�§

=µδf ≡ 1 − |f−frig |
|frig | "�±uy§�X�¸º��O�§gdU�O�°Ý

éTRG�Uõ��AJp§O�(J��5�½"ã¥4�:��¸¤�Ñ

�(JØ´AOÐ§Ù�Ï3uT�¸ØUéÐ/�[ý¢��¸§>.�A

'�²w"

ã3.9L«¡<ÃãSRGÚÃ¡��¸SRG(JÚTRG(J�é'"�±

uy§ü«SRG��{'TRG�O�°ÝÑké��Jp§3�.:NC

k2�þ?�Uõ§3�l�.:?§Uõ��5��§�±��5 ∼ 6�þ

?"3�.:NC§XÚ�'é�Ý'��§Ïd²þ|Cq´���Ð�

Cq§3�l�.:NC§²þ|CqÒÅì lý¢��¸"�ÄÃ¡

��¸�SRG�{§K3��§Ý«m§ÑéTRG�{ké�Uõ§ù`²§

SRG�{�±éÐ/�[XÚ¤aÉ���¸"

�±òSRG�{A^3Ù¦�fþ¡"ã3.10�Ñ
���fþTRG

ÚSRGO�(Jé'"�±uy§�n��fþ�(Jaq§SRG3��§Ý

«mÑéTRG�O�°Ýké��Jp§¦^SRGO��.:NC�Ônþ¬

�\/°("
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ã 3.8: n��fþIsing�.gdUO�(J(D=24)µ�Äk����¸

�SRGÚTRGé'"

ã 3.9: n��fþIsing�.gdUO�(J(D=24)µ¡<ÃãO��¸§

TRGO��¸§TRG§nö(Jé'"
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ã 3.10: ���fþIsing�.gdUO�(J(D=24)µTRG§SRG"

ã3.11�Ñ
O�°Ý��3G�êD�m�'X"�±wÑ§�X�3

G�êD�O\§3��ÓD�§SRGéTRG�Uõ��5�²w"ù`²§

3�3G�ê'���¿Øv
�(±£ã��XÚ��§Å�)�§�¸�

�z�A¬�5�²w§ù�m¦^SRG5O��`³¬�5�²w"

3.4.2 þþþfff°°°ÜÜÜ������...

Ó�§��¥þÝK�{�(Ü§�±¦^TRGÚSRG�{¦)þf�:

�.�Ä�5�"�Ä8��fþ�Heisenberg�."Uì�ÙcA!�£ã§

·�Äk^�¥þÝK�{��ÙÄ�Å¼ê§,�©O^TRGÚSRG�{O

�ÙÄ�UþÚgu^zrÝ"

ã3.12�Ñ
�XD�O�§Ä�UþE0Ú�þgu^zrÝMstag�Cz

ª³"�±w��XD�O�§TRG�O�(J¿vkÂñ§SRG�O�(

JÅìÂñ"éuD = 8§SRG�O�(J´µE0 = −0.5445,Mbs = 0.2142§

ùpMbs�Lz^�þ�²þ��^zrÝ"éuUþ§Monte Carlo�O�

(J[76]´-0.54455(20)§g^Å�(J[77]´-0.5489§?êÐm�(J[78]´-

0.5443§�±uySRG�±éÐ/���ÎÜ"

éuMstag§Monte Carlo�(J[76]´0.2681§g^Å�(J[77]´0.24§?
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ã 3.11: n��fþIsing�.gdUO�°Ý��3G�êD�m�'Xµ

T = 3.2§pu�.§Ý"

ã 3.12: 8��fþHeisenberg�.Ä�UþÚgu^zrÝ�O�(Jé'µ

TRG§SRG



44 ÄuÜþ�ä�.(�)��z+�{ïÄ

ã 3.13: 8��fþHeisenberg�.gu^zrÝSRG(J�	�O�"

êÐm�(J[78]´0.27"ù
Ñ´z��:þ�²þ^zrÝ"�
��

�Ð�(J§·�3O�¥\\é¡5[56]§òDO\�16§¿ÏL	���


0.285�(J"ã3.13�Ñ
SRG3Ã¡�D���:þgu^zMstag�	�

(J"ù
(J�þãÙ¦�{�(JÑ´�Î�"

3.5 ���(((

�Ù0�
�g�z+�{JÑ��µ§g´§Ú¢�L§§�[0�


�¸8ìÜþ�O�Ú¦^�{§¿�3Ising�.ÚHeisenbergþ?1
O

�"(Juy§�¸��z�A§éTRGO�°Ý�Jp´ék�Ï�"l

ù��¡5ù§SRGéTRG�Uõ§��udNRG�DMRG�?Ú"SRGÚ

�¥þÝK�{�(Ü§�Ñ
�«¦)��þf�:�.��«k�°(

�O��{"
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{{{(HOTRG)

3c¡�Ù!¥§·�J9duþf�Akâ(QMC)�KÎÒ¯K§Ú�

ÝÝ
�z+3p��fþé¡È½n���§#�ê�O��{��u

Ð"ÄuÜþ�ä�.(�)§�X�Üþ�ä�{�JÑ5§Ù¥Üþ�z

+(TRG)�{´?n��Üþ�ä��«k�ê��{"ÄuDMRG�{��

Ä§·�JÑ
�g�z+(SRG)�{§§�Ä
oâzL§¥�¸éXÚ

��z�A§4�/Jp
TRG�O�°Ý§SRG��¥þ(Bond Vector)�

{§�Ó�¤
�@?n$�þf�:�.���5�{"�Ùò?�Ú&

?Üþ�z+�{3p�(n�$��p)�m�A^§ùÒ´·��CJÑ

�¤¢/Äup�ÛÉ�©)�Üþ�z+�{0§{¡�p�Üþ�z

+�{(Tensor Renormalization Group method based on Higher-order singular

value decomposition, HOTRG)[75]§9�Ä�¸�zÏ�����°(��§

p��g�z+�{(HOSRG)"

4.1 ÚÚÚóóó

TRGÚSRG�{3?n��Üþ���§¼�
ã��¤õ§�3n��

fþ%éJ��A^"±{üá��f�~§n��äJ±?n��ÏÌ�5

u±eü��¡µ�´� ê�O\§��¡¦�O���;ÚO�Ñ;�

4��]Ô§,��¡�äØ�C�é�¦�O�°Ý;�î�~¶�´n

��m�E,5§¦�¬���.3oâzL§¥éJ�±§Ó��
¦�.

�±ØC§Ï~I�²L�~E,��:C�§ù¦��{E,¿�°ÝÉ

�"ÄÙ�Ï§�±uy§TRGÚSRG�êÆÄ:´ò��XÚ�©)L«¤

���Ý
�©)§ù��©)~~I�òõ^�ôÜ3�å§¿�  ¬U

C¬��."ù�¯K3���äþ�±ÏL°[©ÛØJ)û§�3n�$

��p���äþ§du� êC�é�§¬��C/Ï~C�J±©Û§½

ö=¦©Û�(§O�¢���~(J"
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Xc¤ã§Ø
��Â ��§=²;�[�{§��±¦^=£Ý
§

=þfüz�g�§ò¯Kz�¦)��=£Ý
������"éun�

²;�.§ùp�=£Ý
´������m�=£Ý
§´���kþe

ü��I�²¡��§XãA.4¤«"Ø3�´§Ø
C©(XPEPSÚiPEPS�

{)±	§8c�Ø��XÛ�äâ´é��PEPS��`Cq"C©��K

I�¦)��Ã¡������§Ú���5�C©�§§¤±O�þé�§

¿��U¬ÑyØ½�¯K£=éJ�äÐ©��Å�´Äüz�
ý��

Ä�¤[79]"

�
)ûù�¯K§·�òg´Xúu÷X�¥þ���oâz§ù�Ø

=� êØ¬u)Cz§��:ê8�5��§¬�(���5�{ü§¦

¯KC��5��ß"

4.2 ÙÙÙ¦¦¦���{{{333nnn���¬¬¬���þþþ���}}}ÁÁÁ���"""���

Äk£��e± 3n�¬�þ¡§�Ü©|¤���
}Á"

T.Nishino�Ç�|3n�Ising�.þQ�L�X�ó�"1998c§¦�ò

�=£Ý
�z+(Corner Transfer-Matrix Renormalization Group method,

CTMRG)�{[37]��ÿÐ�{üá��f§=¤¢��=£Üþ�z

+(Corner Transfer-Tensor Renormalization Group method, CTTRG)�{[80]"

duO�þé�§�3G�êD�k2§����.:Tc�Ø���´10%"£X

Ø`²§ùp±9±�§°ÝÑ´�éî�)§Xvkî�)§K´�

éMonte Carlo��`)¤"��§¦�quÐ
�X�Äu=£Ý
ÚC

©Å¼ê��{§'XKWAÅ¼êCq[81]§ç��ÝÝ
�{(Vertical

Density Matrix Algorithm, VDMA)[82]§/µ.(vertex-type)Üþ�äÅ¼ê

Cq[79]§¹k64�C©ëê�Üþ¦ÈC©b�(Tensor-product variation

ansatz, TPVA)[83, 84]�"ù
�{Ì��¯KÑ3up�O�E,ÝÚØ

½�C©�§§¤�����3G�êD�5§�°(�(J´d/µ.Üþ�

äÅ¼êCq��§°Ý�0.6%"

��©Ú©�f�Ç�é{üá��fþ�Ising�.�
ïÄ[85]"�


¦�zL§¥¬��.�±ØC§��
¦^Ý
�ÛÉ�©)§¦��~

°[/�O
�«oâz�Y§z�Úoâz�¹11Úö�§Xã4.1¤«"§

�Ì�¯K3u§A�z�Úö�ÑI��ÛÉ�©)Ú�ä§ù¦�z�Ú
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ã 4.1: ��©Ú©�f�Ç3{üá��fþ��z+Ú½"(a)(b)ÏLë

Y�ÛÉ�©)òÐ©8�ÜþT©)¤�4�n��(�Üþ§(c)���

zÚ½"

�©)Ñ´�~Û��§�äØ�3�Ú�z+ö�¥¬��È\§lE

¤���ê�Ø�"3D�50�þ?�§¤��Tc�O�°Ý��´1%§ù¿

Øv±©Û�.1�"

�C§J. I. Latorre�Ç�|ïÄ
3�þfIsing�.�Ä�[86]§¦�Äk

^�¥þÝK�{��Ä�Å¼ê§,���Â 3���¦Ñ9åÆþ"¦

���{¥§�Úoâzò8��:Ü¿�1��:§Xã4.2¤«",�éù�

�:8ì�z^	��g�ëY�ÛÉ�©)§2�éz�^�þ�(�Üþ

��Ü2©)§�ªòz��:þ�¤kÜþÂ K§����6�Üþ"�

ä3z�^���Ü2©)¥?1"ù«�{äk�~p�O�E,Ý§¿

�´éz^��ÛÜ�ä§�äØ��¬ÅìÈ\å5"3D = 5�§¤��

�Tc�O�°Ý�2.9%"

4.3 ÄÄÄuuuppp���ÛÛÛÉÉÉ���©©©)))���ÜÜÜþþþ���zzz+++���{{{

þ¡J�§TRG§SRG§±9þ¡��Â Üþ�ä�Ù¦�{§�¤±

E,§´Ï��¦^Ý
�ÛÉ�©)§Ý
�ÛÉ�©)7,¬�9�¬
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ã 4.2: A. Garcia-SaezÚJ. I. Latorre�Ç3{üá��fþ��z+Ú½

�(��C/"y3·���^g´5©ÛµXJ·�Uì¬�¥þ���5

Â ��§@o¬�(��CzÒ�~N´©Û§¬���o5Ã�¯K§q

A�N�)ûº

�
�Ù/`²HOTRG�{§·�±����¬��~5©Û¯K"X

ã4.3¤«§XJ÷y��Â �¥þ§@o/¤��fE,´���f§ÛÜ

Üþ�½Â´µ

Mx1x2,x′1x
′
2,y,y

′ =
∑
i

Tx1,x′1,y,iTx2x′2i,y′ (4.1)

�±uy§XJT����êþ�d§KM�Y²�êC�d2§¤±�
¦O�

?1e�§7LéM�Y²�ê?1�ä"@o¯KÒÑy
µMx1x2,x′1x
′
2,y,y

′�

Y²�Ýkü�§=(x1x2, x
′
1x
′
2)§XÛé��Üþ�ü��IÓ��äºù�

¯KØUdÝ
�ÛÉ�©)5)�"

¢�þ§ù����¯K3êÆþ�£ã´µXÛé���Üþ��`�

$�Cq§=é���ÜþM̃§¦�|M − M̃ |��§Ù¥M̃¤äk����ê
þ��"�Ý'M�"XJM´��Ý
§Kù�¯KdEckart-Young½n[87]

)�§=M̃dM �ä�ÛÉ�©)�Ñ"

�éuÜþ5`§��¡Üþ��vk��Ú��½Â[88, 89]§,�

�¡ù�¯KJ{����3�Æ[90]"î�5ù§ù���¯K§vk

��Ê·�(Ø�^"��3�´§êÆþk�«©)/ª§�Ù{ü

/�Ñ
þã¯K���Cq�`�)"ù«©)/ª§Ò´Lieven. de

Latheauwer32000cJÑ�Üþ�p�ÛÉ�©)(higher-order singular value

decomposition,HOSVD)[91]"



1oÙ Äup�ÛÉ�©)�Üþ�z+�{(HOTRG) 49

ã 4.3: HOTRG¥¦^L��zÚ½µ(a)���f÷y��?1oâzö�§

(b)ÛÜÜþ�½Â"

4.3.1 ppp���ÛÛÛÉÉÉ���©©©)))

?¿�½��Üþ§±o�ÜþTijkl�~§Ñ�3Xe¤¢�p�ÛÉ�

©)/ªµ

Tijkl =
∑
i′j′k′l′

Si′j′k′l′Lii′Rjj′Ckk′Gll′ (4.2)

Ù¥L,R,C,G´o�N�Ý
§S´Ø%Ý
(core matrix)§äke¡�A�µ

éu?¿���I§'Xj§

1. 〈S(:, j, :, :)|S:,j′,:,:〉 = 0, XJj 6= j′.

2. |S(:, j, :, :)| >= |S(:, j′, :, :)|§XJj < j′.

�,p�ÛÉ�©)Ø´î���`$�Cq�)§Eckart-Young½n¿

Ø¤á§�§´�`)�éÐ�Cq"�äÒ��éØ%Ý
?1=�"/�

þ§þã©)/ª§�^ã4.4£ã"
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ã 4.4: p�ÛÉ�©)�ü«L�§±o�Üþ�~µ(a)T©)¤Ø%

Ý
SÚo�N�Ý
§(b)Ø%Ý
�¦{"ã¥�ù:�Lo�N�Ý


L,R,C,G"

duHOSVD�éõ5��Ý
�SVDé�q§¿�Cq��~°(§§

3éõ+�§ÃXã�?n!�ª£O!êâØ �®²��'�2��À

ÚA^[92, 93]"

4.3.2 HOTRG

ò�¥��oâz�p�ÛÉ�©)(Üå5§Ò�¤
p�Üþ�z

+�{"±�����f�~§HOTRG�{�)±eÚ½µ

1.òÜþ�ä÷y��Â �g§=òz��ü1Ü¿¤�1§zü�ÛÜ

ÜþT/¤��ÜþM"

Mx1x2,x′1x
′
2,y,y

′ =
∑
i

Tx1,x′1,y,iTx2,x′2,i,y′ (4.3)

2.éM�p�ÛÉ�©)§

Mx,x′,y,y′ =
∑
ijkl

SijklLxiRx′jCykGy′l (4.4)

Ù¥§x ≡ (x1x2), y ≡ (x′1x
′
2).�Ä��ki, jü��II��ä§��Äü��

äØ�µεl =
|SD:d2,:,:,:|
|S| §ε2 =

|S:,D:d2,:,:|
|S| §XJε1 < ε2,KPU = L, ÄKU = R"

3.òU�^3Mþ§é��ä��I?1�ä§���z���ÛÜÜ

þT 1§XÚ�:ê8~���51/2.

T
(1)
i,j,y,y′ =

∑
x,x′

Mx,x′,y,y′Ux,iUx′,j (4.5)
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�ä�éT (1)�i, j�I���ä=�"

4.é#)¤�Üþ�ä(dT (1)�¤)3y��þ¢�1-3ö�§��dT (2)�

¤��ä§XÚ�:ê8q~���"

5.�EE1-4�ö�§��XÚ�:ê8��O�Å�?n���"

4.3.3 ���{{{©©©ÛÛÛ���OOO���EEE,,,ÝÝÝ

3þã�{¥§kü�¯K´��©Û�"1��´p�ÛÉ�©)�

C©¦)�ÉÓ"du�±ùþã�{n)�3ÛÜÜþT�o�	�Iþ�

\o��ä�N�Ý
(�¡�isometry)?1Cq§Ïd�±b�ª4.4ù«©

)/ª§,��¦�äc��|M − M̃ |��§3÷visometry/ª�^�e^

^�C©�n¦Ñ5�C©Üþ§L,R,C,G, S"Ï��§���5§ù�¦)

´�~Ñ��"¯¢þ§·�Q²¦^ù«C©?1¦)2�Ising�.§(J

uy���(J�¦^HOSVD�ä�(JA�´���§gdU��éØ�

310−8þ?"ù��y
§HOSVD´��éÐ�Û�Cq§��éuIsing�

.ó"

1��¯K´Ú½3�Ün5"du�f´äk²£ØC5�§òM©)

�����Xã4.5(b)��.§ã«¥Ý
��Io´l��m§lþ�e§

,�òS^ã4.4(b)L«§�ª��ã4.5(c)"duy��ØI��ä§¤±��

ò¤k�CC†ÚGG†��"Ó�§3x��þ§�äÑy3R½öLþ§�I

���ÒÓ��ä
ü�Üþ"ε�N
ü«�ä�ª¤GÑ��d§ÀJ�

d'���§ò,	����O�¤ü 
I§Ò��
Ú½3�(Ø"

�uO��E,Ý¯K§�±ÏL±e¯¢���Yµ�{�Ñ��

Ü©Ø´p�ÛÉ�©)§´Ú½3§=òN�Ý
�^3Üþþ"Ä

k�`²�´p�ÛÉ�©)�±dõ«�ª��§'XëYÛÉ�©

)ÚüýÛÉ�©)"¤¢ëYÛÉ�©)´�µéuÜþMxx′yy′§Äk

�Mx,x′yy′ = UΛV †§-L = U§M1
x′,iyy′ = ΛiVx′yy′,i§,��M

1 = UΛV †§

-R = U§M2
y,ijy′ = ΛjViyy′,j"�daí§��C,G§�ª�e�Ò´Ø%Ý


S"üýÛÉ�©)´�µéÜþMz���I©OÕá�ÛÉ�©)§'

XMx,x′yy′ = UΛV †§Ò��L = U§Ón��Ù¦�n�Ý
R,C,G"��o

�N�Ý
��§�âþªÒ�¦ÑØ%Ý
"

�â�{�©Û§Ú½3Ù¢�I���Y²���ü�N�Ý
§Ø
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ã 4.5: HOTRG�{©Û"(a)Ð©�ä�f"(b)p�ÛÉ�©)����f"

(c)�d�f"�±wÑ§�p�ÛÉ�©)§��u3éA��þ�\�X�

ü 
"

I���C,G, S§¤±·��¦^üýÛÉ�©)"Ó�§�Ä�Mg��S

Ü(�§XJ5¿�±e¯¢µ

MM † = (UΛV †)(V ΛU †) = UΛ2U † (4.6)

Ò�±ØO�Ñ��MÝ
§ÏLéMM †����©)=���¤I��N

�Ý
"¯¢þ§|^ù��{¦)ÛÉ�©)�§�k,	��Â¼µ

Λi = |S(i, :, :, :)|2 (4.7)

Ïd�äØ���ä�±ÏLΛ����"

�
ùp§Ò�±���{�E,Ý"O�MM ′I��E,Ý´D6§

�^ü�N�Ý
�E,Ý´D7"

4.4 ���¸̧̧���zzz���AAA������ÄÄÄ���HOSRG

3þãHOTRG��{¥§Ø%¯K´¦)ÑI��^3Üþþ�ü�

N�Ý
L,R§ùü�N�Ý
´�âÛÜÜþ�p�ÛÉ�©)���§

=y3�ù«�ä�ª´éÛÜ�:���Cq�`�ä§Ø´���©¼

ê��`�ä"�Ä�SRG�g�[74]§·�E,�±^HOTRG��{��Û

ÜÜþ��¸8ìÜþE§,�|^EéXÚ�K�§¦Ñé�©¼êK��

���ä�ª§ùÒ´¤¢�HOSRG�{"
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ã 4.6: HOSRG�{L«"(a)��ü�ºÝ�¸�m�4í'X"(b)��ÝÝ


ρ�¦)"

�Ä�¸8ìÜþE�¦)"3þãoâz�L§¥§�±�Ù/��±

e4íúª§Xã4.6(a)¤«µ

E
(n)
kaj1i1

=
∑
ijkl

E
(n+1)
ijkl T

(n)
i2j2al

U
(n)
i1i2,i

U
(n)
j1j2,j

(4.8)

Ù¥þIn�Ld1nÚ�zÚ½¤��Ú)¤§�¸þ¡��In�

LT (n)¤aÉ���¸§Ð©�Üþ�IP�0. Ïd�SRG�{aq§|

^HOTRG¦)XÚ�¸I�±eü�Ú½µ

1.c�S�µ3Ð©Üþ�äþ�NÚ�zö�§P¹¤��z�Ú

�T (n)ÚU (n)§���Ú��¸�±¦^±Ï5>.§=

E
(N)
ijkl = δijδkl (4.9)

2.��S�µ|^þã��¸S�úª4.8§d��ºÝ��¸8ì���

�ºÝ��¸8ì§��O��E(2)"

��E(2)O�Ñ5§Ò�±¦^��ÝÝ
��{3��ä��þ¡�\

�ªÝ
§���ä��J"äN`5§Xã4.6(b)¤«§Äk½ÂÑ��Ý

Ý
§

ρzw,xy =
∑

E
(2)
ijklU

(0)
i1i2i

U
(0)
j1j2j

U
(1)
k1k2k

U
(1)
l1l2l

T
(0)
i1xk1a

T
(0)
i2yal1

T
(0)
zj1k2b

T
(0)
wj2bl2

(4.10)



54 ÄuÜþ�ä�.(�)��z+�{ïÄ

ã 4.7: {üá��fþ�HOTRGÚ½µ(a)z���oâzÚ½§(b)ÛÜÜþ

�½Â"

,�é�zT�ÝÝ
§

ρ = PΛP−1 (4.11)

��@�¤k��aÉ��¸Ñ´���§lòPP−1z�^I��ä��

þ¡§=��Cq�Û�`�ä��zÜþµ

Txx′yy′ =
∑
ij

P−1
xi M

(0)
ijyy′Pjx′ (4.12)

5¿ùp¡¦^�´PP−1§�ä3x, x′�Iþ§HOTRG¦^�´UU †µ

U�L�´ÛÜXÚ8ì�&E§P¹kCq�Û�¸8ì�&E"

4.5 HOTRG333{{{üüüááá������fffþþþ���AAA^̂̂

þãHOTRGÚHOSRG�{ÑéN´*Ð�n��:XÚ§±{üá��

f�~§Xã4.7¤«§HOTRG�¢��UìXeÚ½?1µ
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1.÷z��Â �g��§=����Y²��þ�ê²��Üþµ

Mx1x2,x′1x
′
2,y1y2,y

′
1y

′
2,z,z

′ =
∑
i

T 0
x1x′1y1y

′
1zi
T 0
x2x′2y2y

′
2iz

′ (4.13)

2.òM�p�ÛÉ�©)µ

Mx,x′,y,y′,z,z′ =
∑
lrfbud

SlrfbudLx,lRx′,rFy,fBy′,bCz,uGz′,d (4.14)

¿�â�äØ����§À�ü�Ü·�^u�ä�N�Ý
§P�UÚV"

3.òo�N�Ý
�^3éA�o����þ§

T
(1)
lrfbzz′ =

∑
xx′yy′

Mx,x′,y,y′,z,z′Ux,lUx′,rVy,fVy′,b (4.15)

�ä����3T (1)��c�Ý=�§��u3éÐ©ÜþM�Cq�`�

ä"

4.©O÷x, y��E1-3Úö�§ù��u������zÚ½§�¤

��§�:ê8C��5�1/8"

5.�E?11-4ö�§��XÚ��:ê8��O�ÅU
?n�§Ý"

¯¢þ§HOSRG�3{üá��fþ�¢���aq§3dØ2Kã§

ùp�âã4.8�Ñ�¸�S�úªµ

E
(n−1)

x1x′1y1y
′
1ui

=
∑

E
(n)
lrfbudU

(n)
x1x2l

U
(n)

x′1x
′
2r
V

(n)
y1y2f

V
(n)

y′1y
′
2b
T

(n−1)

x2x′2y2y
′
2id

(4.16)

��ÝÝ
�O�úª�aq?1" c[©Û��±uy§HOTRG3{üá

��fþ�O�E,Ý´D11§�Ñ��Ú½�´Ú½3§=òN�Ý
�^3

Üþþ¡"5¿3HOTRG�Ú½¥§ÜþM9Ùp�ÛÉ�©)§¿vk

¢SO�Ñ5§�´/ªþ�L�"

4.6 HOTRG���HOSRG���OOO���(((JJJ

·�Äk3���fþÿÁ
HOTRGÚHOSRG�O��J§,�^HOTRGO

�
{üá��fþ�Ising�.§Ú�����fþ�þfIsing�.[75]"
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ã 4.8: {üá��fþ�HOSRG�{"(a)��ü�ºÝþ��¸4í'X"

(b)��ÝÝ
�¦)"ã¥çÚ:�L�z��ÛÜÜþ§ùÚ:�L

�z¥¤¦^�N�Ý
§�Ú:�L,�:XÚ§äm���L��ÝÝ


¤éA�,��"

4.6.1 ���������������fffþþþ������"""���...

ã4.9'�
TRG,SRG,HOTRG,HOSRGùo«�{¤���§'u��

�fþIsing�.�O�°Ý§�3G�êD = 24"p�IE,´O�Ñ�gd

U�î�)[94]��éØ�"�±uy§HOTRG3��§Ý«m§Ñ'TRGk

���Uõ§3�.:NC§$��±ÚSRG!HOSRG�'["HOSRG�O

�(J��°(§SRGg�"3D = 24�¹e§HOTRG3�.:NC�°Ý

®²$u10−7§ù`²¦^HOSVDÅ��OSVDÅ�§3ê�(Jþª�1

¿�k��"

4.6.2 nnn���{{{üüüááá������fffþþþ������"""���...

�Ä{üá��fþ�Ising�."·��õO��D=16�HOTRG(J§

ÚD=10�HOSRG(J"d�
�Ñ�^�§duHOSRG�O�E,Ýp

uHOTRG§·���ÑD=14�HOTRG�O�(J(¢Sþ§D=10�HOSRG

ÚD=10 �HOTRG ==3�.:N���.1��kØÓ§����.:A

�´�Ó�)"
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ã 4.9: ���fþIsing�.�O�°Ýé'(D = 24)µTRG§SRG§HOTRG§

HOSRG"

ã4.10´HOTRGO�Ñ�SUÚ'9�"Ù¥§'9�Monte Carloê

â5g©z[95]¥�[Üúª"�±uy'9��Monte Carlo�Ü��

~Ð" ã4.11Ú4.12©O�Ñ
dSUÚ'9O�'9�.Xêα�ã�"ù

p��{´µα�½Â´

Cv ∼ t−α (4.17)

Ù¥§t ≡ |T−Tc
Tc
|§ùp�Tc = 4.511635(D = 14)§dã4.10¥'9�k¸ÚS

U�ÛÉ:�Ñ"òª4.17ét?1È©§��SUU�ì?L�ªµ

U = a× t1−α + b× t+ Uc (4.18)

Ù¥§a, b��½�ëê§Uc��.:?�Uþ-0.995592"

Xãw«§dSU(½��m�.�ê(D = 14)´µαL = 0.1023, αR =

0.1137§d'9(½��m�.�ê´αL = 0.1148, αR = 0.1711"?êÐm�

(J[96]´α = 0.104§Monte Carlo�(J[97]´α = 0.111"�±uy§dSU

�Ñ�(J�üö���Î"'9du�3ê��©�Ø�§αLO�(Jk¤

 l"3ã4.12¥αL�[Ü¥§du3�.:NCuy
'�²w�²þ|1

�§Ïd3[Ü�.�ê�§ò�~�C�.:�A�:üØ3	"
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ã 4.10: {üá��fþIsing�.µSUÚ'9�§D=14"
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U
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 F i t  l i n e  ( α= 0 . 1 0 2 3 ,  T  <  T c )
 F i t  l i n e  ( α= 0 . 1 1 3 7 ,  T  >  T c )

ã 4.11: {üá��fþIsing�.µdSU�[�.�êα§D=14"
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1 0 - 5 1 0 - 4 1 0 - 3 1 0 - 2 1 0 - 11 0 - 1

1 0 0
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C v

t

 F i t  l i n e  ( α = 0 . 1 1 4 8 ,  T  <  T c )
 C v  ( T  <  T c )
 F i t  l i n e  ( α = 0 . 1 7 1 1 ,  T  >  T c )
 C v  ( T  >  T c )

ã 4.12: {üá��fþIsing�.µd'9��(½�.�êα§D=14"

ã4.13´HOTRGO�Ñ�gu^zrÝ�"�±wÑ3��«mþ§

HOTRG�O�(J�Monte Carlo�²�úª[98]ÎÜ��~Ð"dM�ÛÉ

1�½Ñ��.:(D = 14)´µTc = 4.511615§�âù��.:�±[ÜÑ^

zrÝ�.�êβ,

M ∼ tβ (4.19)

(J´β = 0.3295(D = 14)"?êÐm�(J[99]´0.3265§Monte Carlo�(

J[97]´0.3262§=HOTRG�(J�§��´�Î�"

ã4.14´HOTRG¤���Tc�X�3G�êD�Âñ�¹©Û"�±u

y§éu�½��Ó�3G�ê§dSUUÚ^zrÝM�ÛÉ5���Tc´

Ä��Î�"3D = 16�§ü«�{���Tc©O´4.511544Ú4.511546§ü

ö�m��éØ�310−7þ?"Monte Carlo[Ü[100]Ñ�Tc=4.511523´§?

êÐm[101]��(J´Tc = 4.511536§�±uyHOTRG(D=16)�(J�¦�

¬Ü��~Ð"Monte CarloÙ¦©z[102, 103]¥�O�(J�HOTRG�(J

�´�Î�"ù'±c�{�ê��z+�O�(J4.5788[81], 4.5537[83]�

Ñké�Uõ",��¡§�±wÑ§Tc� �¿Ø´�XD�O�üNO

\�§ù�:1�þaqu1nÙã3.12¥�TRG1�"��XDO\�10±
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( T c - T ) / T c

ã 4.13: {üá��fþIsing�.µgu^zrÝ�§Ú�.�êβ =

0.3295§D=14"

þ§�.:�1�ÅìªuüN§¿3T > 12�§ÂñØ���10−6 ∼ 10−5þ

?"

4.6.3 ���������������fffþþþ���þþþfff���"""���...

�Ä���fþ�þfIsing�.§ÙM�îþ/ª´µ

H = −
∑
〈i,j〉

σizσ
j
z − h

∑
i

σix (4.20)

ùp§σ�pauliÝ
"ÏLN���§T�.�±z�n�Üþ�ä�.§Ï

d�±¦^HOTRG¦)"

ã4.15´|^HOTRG�Ñ�T�.�Ä�SUE0!Mx ≡ 〈σx〉!Mz ≡
〈σz〉�^|h�Cz�"�±uy§MxÚMzk��k�^|�C§�.

^|hc = 3.039"�°(�O�L²§D = 14�§hc = 3.044"ù�Monte

Carlo[104]�O�(J3.044§Ú?êÐm[105]�O�(J3.044§ÑÎÜ��~

Ð"�éó§ù'iPEPS[38] ���3.06§ÚVDMA[82]���3.2§Ñ�\°

("
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ã 4.14: {üá��fþIsing�.µHOTRGO�(J��3G�êD�Âñ5

©Û"

ã 4.15: ���fþ�þfIsing�.Ä�©Û(D = 12)µSU!〈σx〉!〈σz〉
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éuk�§Ýó§�KþE,�±�±HOTRGÂ n�����§

�ØL3trotter��þ�Ý´k��"duHOTRGoâz��Ï§ù�¤�

��§Ý:´©Ù´µ

Ti =
1

2iτ
(4.21)

Ù¥i�trotter��þoâz�Úê"�±wÑ§ª4.21¤½Â�§Ý:´Ø�

må�§¿�ý�Ü©§Ý:8¥34$§Ý§ùé©Û9åÆ1�´vk¿

Â�"

)ûù�¯Kkü«�ªµ1�«´3ØÓ�§Ý«mÀ�ØÓ�τ§�

ù��Ø|u9åÆ1��©Û§¿�3p§«m¬¦�τé�§��é��

p��äØ�¶1�«´æ^þfüz��{§aquo�Ú�f�Ç�<�

�{[106]§�´Å¼ê��#Ú=£Ý
�ÝKØ��Ó§=òþf=£Ý


Øä/�^3��Ð©=£Ý
(´��TPO/ª§=Üþ¦È�Î§aqu

Ý
¦È�Î([107]))þ¡§�ä��ªæ^HOTRG��äÅ�§��=£Ý


�\Èþ§O�9åÆþ�§æ^±Ï5>.5ò\Èþz������

�§,�|^HOTRGÂ ����=�"�
~�î��äØ�§�±æ^

VýÓ�?1�^��ª?1oâz§ù«�ª¤���§Ý:©Ù´µ

Ti =
1

2iτ
(4.22)

ù�±5§§Ý:�©Ùl�5�ê©ÙC¤�'©Ù§|u©Û9åÆ1

�"

·�A^1�«�{O�
þfIsing�.�9åÆ1�"ã4.16Ú4.17´

�½ØÓ^|h�§���SUEÚ'9Cv�§Ý�Cz�"duT�.Ä

���.^|hc3��3.044NC§�±ýÿ3h < hc�§Ä�´kS�§Ïd

¬u)��k�§Ý��C§3h > hc�§Ä�vk�§S§ÏdØ¬u)

k�§Ý�C"üã�(J�y
ù�:µ3h = 1Úh = 2�§SUÚ'91

�äk²w�ÛÉ5§h = 4�üövkÛÉ1�"¿��±uy§�X^

|�O\§�C:TcÅì�$§£Ä§�Kþh = 3��AT3é$§?ä

k���C:§�duÝK�{��trotterØ��È\Ú�©¦)'9�Ø�§

¦�4$§�(J¿Ø�©O(§3ã4.17¥¿vkuy²w��C1�"

�þã¯K3ã4.18Úã4.19¥�±��©�"�±uy§Mx ≡ 〈σx〉ÚMz ≡
〈σz〉3h < hc§�)h = 3��§Ñ�3��k�§Ý�C§h > hc�§T
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ã 4.18: ���fþ�þfIsing�.9åÆ©Û(D = 24)µØÓ^|eî�^

zrÝ〈σx〉"

k�§Ý�C��"ù
A�ÎÜ·��ýÿ"ùp¡§�3G�êD = 24§

trotterÚ�τ = 0.02"XJ�?�Ún�$§1�§I�O�D§Ó�°[/À

�τ±o�î��äØ�Úp��äØ�"

4.7 ���(((

3�Ù¥§·�?Ø
± �z+�{3n�¬�þ�(J§JÑ


ÄuÜþ�p�ÛÉ�©)�Üþ�z+�{§=HOTRG"ò�¸��

z�A�?�§qJÑ
p��g�z+�{(HOSRG)"HOTRG�{��

;þÚO�þÑ�é��§3���fþ©O�D4ÚD7§3{üá��fþ

©O�D6ÚD11§ù
Ñ´y�O�Å�±?n�"(Jw«§HOTRG3�

�¯Kþ'TRGk���`�5§cÙ´3�.:NC§HOTRG�(J$�

�SRGÚHOSRG�(J��"3n�Ising�.¯Kþ§§D = 16�O�(J

��
± ê��z+�{�O�°Ý§��
î8����°(��z

+�{����.:"éuþfIsing�.§HOTRG�{�±°(/½Ñ�.

^|§¿��ÝK�{�(Ü¦��±�½^|O�9åÆ1�§���(J
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31nÙ0���g�z+�{(SRG)§Ú1oÙ0��p��g�

z+�{(HOSRG)§Ù�¸o´�½º����§=éuz��ºÝþ�ÛÜ

Üþ�ä§Ùc�S�Ñ´��½�NÚ�z§�ó�§@�z��ºÝþ

�,��Ñ´���Ã¡���¸¤��§��XÚ´Ã¡��"�uéuk

�º�XÚ§k�º�DMRG[47]o´�'Ã�º�DMRG[22]��°(§3�

Ù§·�JÑ
k�º���g�z+�{§±Ï?�ÚJpÜþ�z+

�O�°Ý"

5.1 ÚÚÚóóó

¤¢k�º��g�z+�{(finite SRG/HOSRG)§´'ék�º

�DMRG`�"Ã�º�DMRGÙ�¸��o´�XÚ�Ó§=ØØXÚº

���õ�§o´ké���¸3	¡��éA§¤±¡�Ã�º�"k�

º�DMRG�{¥§XÚÚ�¸�Úo´���½���§ÏL�E×£éÄ

¥?1`z�#§±�ÖÃ�º��{¥¤�Ñ�¢S�¸£Ï�o´�Ä�

XÚ�Ó����¸¤"

Ïd§cã�SRGÚHOSRG§��uÃ�º��{"XJ�Ä��XÚ

��Ò´k����§KI�k�º��{"Ó��
)ûk�º��{3X

Ú����¸���Øv§I�Ú\DMRG�×£Å�§=ÏL�E�#XÚ

Ä¥Ú�¸Ä¥§5¦Ñ�`��3Ä¥"

5.2 kkk���ººº������ggg���zzz+++���{{{

5.2.1 {{{üüükkk���ººº������{{{

XJ3ØÓºÝþ���§�c�S���ØÓ�Úê§�±��X

Ú£�)8IXÚÚ�¸¤º�ØC§ù«�{Ò´�«{ü�k�º��

{"äN5`§b�²Li Ú�zö���§��
I��ä�#�Üþ

�äM (i)§d��SRG½öHOSRG§c�S�¥��zÚê�N − iÚ§¿



68 ÄuÜþ�ä�.(�)��z+�{ïÄ

�âùN − iÚ��¤I��,����¸8ìÜþM e§|^M eéÜþ�

äM (i)?1�ä§��1i�ºÝþ��z���ÛÜÜþT (i)"ùpN´ý

����~ê§éAu���:XÚ¤äk�º���§{¡N��ÛÚê§

i�XÚÚê§(N-i)��¸Úê"ù«�{3oâz�L§¥§�±�ÛÚê

�N§´�«{ü�k�º��{"

5.2.2 ×××£££ÅÅÅ���������\\\

lDMRG�²�þ�Ä§×£Å�(Sweep Scheme)ék�º��{�°Ý

Jp´ké��Ï"�DMRG�{�ØÓ�?3u§DMRG�{¥��ºÝþ

�k��XÚÚ���¸§Üþ�z+�{¥§z��ºÝþÑkÃ¡õ

��Ó�XÚ§¿Cq@�¦���¸´�Ó�"DMRG�{I�×£��Ï

3u§�XÚ'���§��Ä
�XÚ�Ó����¸§ý¢��¸��

��
¶Üþ�{¥I�×£��Ï3u§�Kþ�ä�é��XÚk�§

¢Sö�¥é¤k�XÚþÓ��
�Ó��ä"×£kÏu¦�3�Ä¥þ

�Uý¢/�N�ÛXÚ§JpO�°Ý"

ò{ük�º��{Ú×£Å�(Üå5§Ò��
k�º��g�z

+�{(finite SRG)"ùp�Äfinite HOSRG�{§ÙÚ½Xeµ

1.9�(warm-up)"3Ð©�Üþ��T (0)þ�NÚHOTRG§��Ñ¤k

ºÝþ�T (n)ÚU (n)"d?��§�½�ÛÚê�N"

2.�â��Ñ�T (i)ÚU (i)§¦ÑM (1)¥,����¸§¦^��ÝÝ
�

�{§��#�Üþ�äT (1)"ù�Ú�Ã�º�HOSRG�Ó"

3.3Üþ�äT (1)þ¡§�(N-1)Ú�z§��Ñ¤kºÝþ�T nÚU (n)§

,�|^ù
Üþ¦ÑM (2)¥,����¸§��T (2)"

4.�EE1nÚ§��¦ÑT (N)§Ù�¸Ø^O�§¦^±Ï5>.^

�(=δ¼ê)=�"

5.c4Ú=�{ük�º��{§(å����
¤kºÝþ�ÜþT (n)ÚP (n)"

ò2,3,4¥�U�¤P§�EE2,3,4Úö�§��¤kºÝþ�Üþ�äÑÂ

ñ��½�°Ý"

ùÒ´finite HOSRG�äNö�"�±uy{ük�º��{I�?1�

�zÚê´N + (N − 1) + ...1 = N(N+1)
2
§ØÓuÃ�º��{�NNe§Ù¥§

Ne�¤�½��¸Úê"
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3{ük�º��{¥§Ó�ºÝþÛÜÜþ��#´Ó��§=,��

XÚ�#��§e��ºÝþ�,��XÚ��¸�g,?1
�#"ùÒ

¦�7L�#?1HOTRG3O�e��ºÝþ���Üþ"Ù¢�±�Ä

�«Cq§=Xeã¤«§@�XÚÚ�¸Ø´Ó��#�§äN5`§�#

�T (i)��§T (i+1)��¸¿vkCz§�´T (i+1)SÜ�¤u)
Cz"ù�

±5§�±�g53��S�¥¦Ñ¤kºÝþ�E(i)§c�S�¥��¦

^�A'�´�¿vku)Cz��¸§Ø^23z��ºÝþ�c�S�"

äN`5µ�±1�ÚØC§

2.�â��Ñ�Üþ§¦Ñ¤kºÝþ��¸8ìÜþE(i)"

3.�âM (1)ÚE(2)±9�A�N�Ý
§�#T (1)ÚM (2)§¿P¹�ä¤^

��ªÝ
P (1)"

4.�âM (2)ÚE(3)±9�A�N�Ý
§�#T (2)ÚM (3)§P¹P (2)§�E

�1d«ö�§���#�T (N)"

5.¦^�ªÝ
�O2,3,4¥�N�Ý
§�EE2,3,4Úö�§��¤k

ºÝþ�Üþ�äÑÂñ��½�°Ý"

ù«Cq��{§I���zÚê´XÚ�º�¦±×£�gê"Ù`

:3O�þ���¹e'��(Ø�×£gê�¦'�õ)§�I��~°[/

©Ûé�¸ÚXÚ���"üö�°Ý3nØþØU�Ñ'�µ3z�Ú��

¸�Ä¥§°(�{£=XÚÚ�¸Ó��#¤�\gUÚî�§�´�ä�

ª´�éü�XÚó�`§¿�´�éÓ��äõ�XÚ�`§¤±Ó��

äk�U¬E¤�#L¯¶Cq�{(=XÚÚ�¸ØÓ��#)��¸Ø�î

�§��#�ú§Ä¥�ÀJ�\°[§k�U¬�\½"

5.3 finite HOSRG333���������������fffþþþ���"""���...���LLLyyy

·�|^k�º�HOSRG#¦)
���fþ�Ising�.§¿3

ã5.1¥'�
HOTRG!HOSRG! finite HOSRG�O�°Ý" �±uy§

finite HOSRG3��§Ý«mÑ?�ÚJp
HOSRG�°Ý§�)3�.

:NC"ù`²§�E�×£§kÏu�°(/�ÄXÚÚ	Ü�¸��ÛÅ

�"

ã¥�±w���¯K§Ò´finite HOSRG3$§��±éHOSRGk�

��°ÝJp§�3p§���ã«mA�vkUõ"ù�¯K�Üþg��



70 ÄuÜþ�ä�.(�)��z+�{ïÄ

2 . 1 2 . 2 2 . 3 2 . 4 2 . 5
1 E - 1 2

1 E - 1 1

1 E - 1 0

1 E - 9

1 E - 8

1 E - 7

 

 
�f

T

 H O T R G
 H O S R G
 f i n i t e  H O S R G

ã 5.1: k�º�HOSRG�{�Ly(D = 24)µ���fþIsing�."

é¡5�'[108, 109]"�Ä�éó�f�$§éAu¢�m�f�p§§3

p§«m�±¦^éó�f�ÛÜÜþ5?1HOTRGO�§l¢yfinite

HOSRGéHOSRG�Uõ§=µéu��Ising�.§p§�¡��Ø´¯K§

finite HOSRGÚHOSRG�O�°ÝÑ�±é{ü/ÏLéó�f5?�ÚJ

p"ùp¡�
Qã��ß5§¿�Ä�n��méó�f�E,5§ÚÚ¦

^¢�mÜþ�ä�.§Ø?Øéó�f"

ã5.2�[/'�
�«HOSRG�{�LyµHOSRG(A�Ã�º�)§

simple finite HOSRG(={ük�º�HOSRG�{§Ø¹×£Å�)§approximate

finite HOSRG(¹k×£Å��k�º�HOSRG�{§XÚÚ�¸ØÓÚ�

#)§finite HOSRG(¹×£Å�§XÚÚ�¸ÓÚ�#)"

�±uyk�º��{�Lyo´`uÃ��{§Ó�finite HOSRGÏL

×£§o´�±Uõsimple finite HOSRG(=vk×£)�°Ý"ù´�±n)

�µ3k�º�¥§ØØ¹½Ø¹§¤�Ä��¸o´ý¢��¸§Ã�º

�o´�Ä��J[��ÓºÝ����¸§lÔnþ5ù§k�º��{�

ÎÜÔny¢§�N3ã¥§=simgpel finite HOSRG�o´'HOSRG�°Ý

p"éuapproximate finite HOSRGó§3�.:NC§XÚ�'é'�r§



1ÊÙ k�º���g�z+�{(FINITE SRG) 71

2 . 1 2 . 2 2 . 3 2 . 4 2 . 5

1 E - 1 2

1 E - 1 1

1 E - 1 0

1 E - 9

1 E - 8

1 E - 7

 

 

�f

T

 H O S R G
 s i m p l e  f i n i t e  H O S R G
 a p p r o x i m a t e  f i n i t e  H O S R G
 f i n i t e  H O S R G

ã 5.2: �«HOSRG�{�O�°Ý'�(D = 24)µ���fþIsing�."

XÚÚ�¸I�Ó��#§ÏdÙ°Ý$u°(�k�º�HOSRG§�3�

l�.�§du'é�Ý'�á§XÚÚ�¸��ÓÚ�#�´Ün�§¿�

lê��Ý5ù§¦��ÛXÚ�Ä¥þ�#��\°[§ÏdÙO�°Ý'

°(�finite HOSRGLyÑÐ"

ò�Ù0��k�º��{§·^�n�²;�.¥§´e�Ú��¤�

ó�"

5.4 ���(((

�Ù3éSRGÚHOSRG�{?1
¿Û§?Ø
×£Å��7�5Ú¢

��{§JÑ
finite HOSRG�{§XJT�{òHOSRG�¤SRG§Ò�±

¤�finite SRG�{"3Ising�.þ�O�(JL²§k�º�HOSRG�'Ã

�º�HOSRG�\°(§×£Å�K�±?�ÚJpk�º�HOSRG�O

�°Ý"3�l�.:�§approximate finite HOSRGdu���O��d§

ÚÄ����O�°Ý§Ïd'finite HOSRGk���`³"
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r'éXÚ%¹X´L�Ônãµ§r'é�.�¦)äk�©��n

Ø¿ÂÚy¢�5"3)Û¦)Ã{¢y��¹e§�5�ê��[A�¤

�¦)ù
r'é�.���å»",~5�ê�O��{§±þf�Ak

âÚ�ÝÝ
�z+�Ì��L§éäkpu���Ã��¤�f½äk{

�(frustration)�g^NX§�õê�¹eÃU�å"3ù«�µe§#�ê�

O��{��mu"

þf&E+�éÅ���ïÄ§\�
<�é®kê��{�@£§

Åì¿£�DMRG¤���ØÄ:Å¼êTÐ�±L«�¤¢�Ý
¦È

�(MPS)§MPS÷v��þfXÚÅ���¡È½n§%ØU£ã��½�

p�ÝþfXÚ�Å�§ù´DMRG3��ó�éÐ§3p�������

Ï"Äuù�uy§<��E
�a÷v¡È½n���5Å¼ê§=¤¢�

Ý�Å�é�(PEPS)§@�þf�:�.�Ä��±dÙ§¢/L«"Äu

ù�b�§þf�.�ÔnþÏ"�§�ª8(�Â ��Ã¡��Üþ�

ä"éu��äkÛ��p�^�²;ÚO�.§o´�du��Üþ�ä

�.§Ù�©¼ê±9Ônþ�ÚO²þ��Ñ8(�Â ��Ã¡��Üþ

�ä"

2007c§dLevinÚNaveJÑ�Üþ�z+�{(TRG)§ÙÌ�8�Ò

´Â ��Ã¡��Üþ�ä"§�Ì�g�´ÄuÛ�Üþ��`zCq

lCq¦)��Üþ�ä§3��²;XÚ¼�-<Ê8�¤õ"TRG�

{¿vk�ÄoâzL§¥�¸éXÚ��z�A§�
�Öù�"�§J

pO�°Ý§·�32009cJÑ
�g�z+�{(SRG)§ÙÄ�g�´|

^TRG5¦)�¸8ìÜþ§¿|^ù��¸Üþ5`zÛ�XÚ�Cq§¦

�Û��ä�±�Ä��NX��`zCq"SRG�{4�/Jp
TRG�O

�°Ý§�2008cñù�!±���ÇÚ�7�ÇJÑ��¥þÝK�{�(

Ü§Jø
�«¦)kUX�þf�:�.���5�{"

TRGÚSRG���Ó�¯K´§éJA^un��:�.§Ù�Ï5u

�z+�g�´ÏL��Ý
�ÛÉ�©)Ú\�§ù¦�¬�3�z

+ö��L§¥Ø�;�/u)C/"n�¬�����A:Ò´� ê
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�õ§ù3é�§ÝþO\
©Û�JÝÚO���d"�
)ûù�¯K§

uÐÑ·^un�$��p�Ý¬��Üþ�{§·�u2011cJÑ
p�Ü

þ�z+�{(HOTRG)§ÙÄ�g�´÷�¥���oâz§¦^Üþ�

p�ÛÉ�©)��z+�ä§ù�;�
�:C/�©Û§¿ü$
O�

�d"O�(JL²§=¦3���/§HOTRG�Ly��`uTRG§3�

.:NC$��CuSRG�°Ý"Ó�§�
�Ä�¸��z�A§·�q

òSRG�g�\\HOTRG§JÑ
HOSRG�{"D=16�HOTRG�{§��


î8����°(�n�Ising�.��z+)§Ù°Ý�Monte Carlo�

'��
10−6"

�uk�º�DMRGéÃ�º�DMRG�°ÝJp§·�q3HOSRGÄ

:þJÑ
finite-HOSRG�{§§d{ük�º��{Ú×£Å�ü�Ü©|

¤§éXÚ�Ä¥þ#�
�`z×À§��
��°(�(J"lù�

¿Âþ5ù§TRG§HOSRG§finite-SRG©O��uNRG§Ã�º�DMRG§

Úk�º�DMRG"ù��¡�ó�§I�s�m�?�Ú°[�ïÄÚ©

Û§�{E,kUõ�{/"

Üþ�ä�{´k�¿÷)Å�§kéõ�'��Kk�?�ÚïÄ§

ù
¯K�)û7,¬r?r'é�.�ïÄ§\�·�ér'éXÚÔn

ã��n)"·�<@�±e¯K´�'5�µ

1.�z+�{¥�LÈÅ�(filtering scheme)[108, 109]"3Üþ�äoâ

z�L§¥§�5�õ�Û�gdÝ&E��?Û�Üþp¡§�,z�g�

�zÑ¬DK�
Û�Å�§��§�Å�Úá§�Å�·Ü3�å§�

�¡¦��äØ´�`z§,��¡¦�Üþ��ê�5��§Ø|uO�

�?1§¢SþØ
TÐ´�.:þ§£ã�§Å�¤I��Üþ�êÏ

~´é��§Û��Å��Kþ�±3�z+L§¥��ÈK"��©Ú

©�f�Ç3TRG�{¥\\�LÈÅ�Cq¢y
ù�:§3�.:üý

��
ü«©O�XÚÔn����Üþ(�§¿^§5£ãÿÀS§¼�


é��¤õ"HOTRG'TRGäk�p�°Ý§¿�A^�p��.¥§¤

±HOTRG/HOSRG/finite-HOSRG�{�LÈÅ��(Ü§ò¬éïÄp��

.�)kX��K�"

2.XÛ�½ü�üÜÜþ�ä��d5"��äkÛ��p�^�²;Ú

O�.Ñ�du��Üþ�ä�.§cö���9åÆþ8�(.Ñ5u�
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öÂ ¤�����ê�§=�©¼ê"3Û�Üþ8�z�^�e§êÆþ

XJU
�EÑ���ä�.�d��ä�.§#��.�\N´¦)§K

éõÔn�.�U¬����\�n)§ÃXn�ising�."

3.HOTRG�{�iTEBD�{�(Ü"HOTRG���Ø%´|^oâz

��{Â ��¬�§^p�ÜþÛÉ�©)��{Ú\�z�ä§

iTEBD�{�Ø%´¦)��Ã��ê�=£Ý
������§�ä

�7L^���Å¼ê��Kz"XJUòHOTRG��{ÚiTEBD�{(Ü

å5§Òk�U¬Ñy'HOTRG�°(§'iTEBD�p��ê�O��{"

4.Üþ¦È���N�üz"PEPS�N�üz§'XJ�üz(÷§Ý

��üz¦Ä�)§Cq�±^�¥þÝK�{?n§�N�üz§'X

²;ÚO�.�=£Ý
§éuÝ
¦È�§�±¦^Ù�K/ª(canonical

form)éÅ¼ê��`�ä('X�N��iTEBD�{[35])§éuÜþ¦È�§

Ø
C©�{£'XPEPS§iPEPS�{¤�	§8c�vk°(��{�±

¦)"C©�{§du�¦)Ã����¸8ìÜþ§��¡¬E¤ép�

O��d§,��¡¬E¤C©�§)�Ø½5"du3��²;�äO

�¥§iTEBD�{ÚCTMRG�{'oâz��z+�{äk�p�O�°

Ý§¤±knd�&§XJÜþ¦È���N�üz¯K��?n§ò¬��

'HOSRG/finite-HOSRG��°(�O�(J"

5.ü�PEPS��d5���5¯K"�d5´`§´Äk�U�3ü�

Û�ÜþØ�Ó(8�z�Ó)�Å¼ê§3Ônþ£ãÓ��G�§XJk

�U§@oØ
��²��5�gdÝ(trivial gauge freedom)�	§XÛï

áüÜPEPSÛ�Üþ�m�éX"ù�¯KJ. I. Cirac�Ç�|�L�Ü©

?Ø[110]§�¿vk��)û"��5´`§XÛ{ü/3êÆþ�E��

��½PEPS|ψ〉����PEPS|φ〉§=ü�Å¼ê÷v〈ψ|φ〉 = 0"�Äù�¯

K�Ñu:´`§3^=£Ý
g�¦)������§XJ�±òü��

dPEPS�m��	gdÝ��K§Å¼ê¬Âñ/�\½§Ó�XJæ

^Ý
nØp¡Lanczos½ö�ÝFÝ�{(conjugate gradient)5�O�gÝ

K(power method)§�{ò¬�\p�"

6.þf�:�.�9åÆ¯K"3��XÚ¥§=£Ý
�z+(TMRG)�

{[111, 112]´8c��°(�¦)k�§Ý��{"éuÜþ�{§o��

�f�Ç�JÑ
�5Üþ�z+�{(Linearized Tensor Renormalization
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Group, LTRG)[106]§^u¦)k�§Ý1�"ÙØ%g�´ò�©¼êÐm

¤=£Ý
��g/ª§ØÓ�§ÝéAuØÓ��g§,�òtrotter��

þk���=£Ý
Â K§��éA§Ý:��©¼ê"ùp¡Â k�

��Ý
§´ÏLò=£Ý
=z�eZ�Û���Î§¿òù
�Î�^

3.����=£Ý
þ§lØä�#ù�=£Ý
"�  òiTEBD�

�#�{¡�TPS�{§òùp��{¡�TPO(Tensor product operator)�

{"LTRG3O�8��fþ�þfXYÚ°Ü��.�9åÆ1�þ§��

ép�O�°ÝÚO��Ç"�ù«÷trotter���oâz§3$§�¬E

¤trotterØ��È\§k�U¬E¤���ê�Ø�")ûù�¯K���å

»§Ò´aqTMRG�g�§=À�Ó�ü�:ØÓtrotter§Ý:����=

£Ý
§,�|^ÝK��{3�:��þ�oâz§ù�?Û§Ý:��©

¼êÑ�±dù��©¼ê��������§Ø�3trotterØ��È\"�

ù��Ò��
þã14�¯K§=PEPS��N�üz¯K"XJ�N�¯K

�±)û§@oÒkF"uÐÑO�þf�.9åÆ1����°(�ê��

{"

7.Üþ�{3¤�f�.¥�A^"uÐÜþ�{����Ñu:§Ò

´�)ûDMRGÚQMC¤ØN´)û�p�¤�fÚ{�g^XÚ"8c�

õê�{Ñ´A^3g^XÚ§é¤�fNX§ÃXHubbard�.§�,®²

k�{'5§�¿vkuÐ¤Ù§ÙÌ�¯K´¤�f��¤�5�ÎÒ¯

K"3ù��¡�A^§Üþ�{�kéõ/�I�ïÄ"

8.DMRG�{ÚÜþ�ä�{�(Ü"DMRG�{8c3���,�

U?nk�º���§�3k�º�+�§ÙO�(J�´��<��@

Ó[113, 114]"Üþ�ä�{���`³§3u?nÃ����XÚ§�Ù°

ÝEI?�ÚJp"ÃXKagome Latticeþ�°Ü��.�Ä�§G.Vidal�Ç

|^õºÝÅ��zb�(MERA)�{��ÙÄ�´d�¬N(Valence Bond

Crystal,VBC)[67]§S.White�Ç¦^k�º�DMRG�{��ÙÄ�´äk�

�UW�g^�N(fully gapped spin liquid)[115]"ù�¯K��Ò´���~

k��¯K§�XJUòÜþ�ä�{�`³�DMRG�{�(Ü§ÒkF"

��vk�Æ�ý��Ä�Ôn"

Üþ�ä�{´���~c��uÐ+�§kéõ¯K���Ä§þã¯

K�´�ö�<��
w{§�U¬kgC��
 �§��±�½�´§÷
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XÜþ�ä�.(�) ù�g�5uÐÑk�°(�Üþ�äê��{§±)

ûr'éXÚ¥Ñy�DÚO��{¤)ûØ
��«k�E,�¯K§�

�ò¬´và�ÔnÆ[3�5�cS���J¦"
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ggg������ÜÜÜ©©©������{{{

�©J9§�¥þÝK�{[54]¢�þ´G. Vidal�Ç32007c©z[34]¥

JÑ�iTEBD�{3��þf�:�.�í2"Ù¤õ��Ï3uJ�üzé

AuCN�üz§�¥þ�±é�§Ýþ�[XÚÚ�¸�m�Å�Ì"Ý


¦È���N�üz�±ÏL¤¢��Kz(canonicalization)Ú½[35, 116]5?

n§Üþ¦È���N�üz%vk�¢�1�ÛÜC�5¢�§ù�´n

�²;�.ÏLaq=£Ý
�{?1¦)�(J¤3"�
)ûù�¯K§

�X��C©�{A$)§äk�L5�K´dJ. I. Cirac�Ç�<¤JÑ

�iPEPS�{[38]§ù«�{���¯K3u�p�O�E,Ý�C©�§

¦)�½5"Ïd§éun�²;�.§���þf�.�9åÆ1�§#

�{�JÑ´7��"
)ù
SN§éuÜþ�ä�{�uÐ��§Ún)

�©¤ïÄSN�¿Â§´k�Ï�"

A.1 ÝÝÝ


¦¦¦ÈÈÈ���������KKK///ªªª������NNN���iTEBD���{{{

A.1.1 ÝÝÝ


¦¦¦ÈÈÈ���������KKKzzz^̂̂���������KKKzzzÚÚÚ½½½

{üå�§��Ääk²£ØC5�Ã¡�óXÚ"�½��Ý
¦È

�§b���¢ê§

|Ψ〉 = Tr
∏
i

A[mi]Λ
i|mi〉 (A.1)

Ù¥Λ�½Â3�þ�é�Ý
§=�¥þ§K〈Ψ|Ψ〉XãA.1¤«§z���

:þ¡k��n�ÜþA§z�^�þk���¥þΛ"XJr¤k��¥þ

ÑáÂ?Ap¡§KªA.1¤�~��MPS/ª"

XJ|Ψ〉÷v±e5�µ∑
m

A[m]Λ2A†[m] = I∑
m

A†[m]Λ2A[m] = I (A.2)

KªA.1¡��K(canonical)/ª�MPS"lãA.1�±wÑ§þã�Kz^�
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ã A.1: Ý
¦È��SÈL«"

�Lµäm?¿�^�§�müý�Å¼êSÈþ�Ñ�Ó�SN(3d�ü

 
)§=z^�Ñ´�����§Ñ�L
XÚ��¸��ÛÅ�"

XJò�¥þΛ8\Ù�¡��:ÜþA§K/ªþãA.1¥��e��à

�ü�Λ§d���Kz^�C�µ∑
m

A[m]A†[m] = I∑
m

A†[m]Λ2A[m] = Λ2 (A.3)

XJò�¥þ©¤üÜ©§8\�müý��:Üþ���§K/ªþ

ãA.1¥��e��àÚ�mà�o�
√

Λ§d���Kz^�C�µ∑
m

A[m]ΛA†[m] = Λ∑
m

A†[m]ΛA[m] = Λ (A.4)

du�Kz/ª�MPS¥§z^�´�����§¤�L�Ñ´�

Û�Å�§��uDMRG¥�z�ÝÝ
�Ì§ÏdéMPS��ä§�

UìΛ���?1�`�ä",§��'��¯K´µ�½��?¿

�MPSÅ¼ê|Φ〉 = Tr
∏

iA[mi]|mi〉§XÛ�Ñ���d��K/ª�Å¼
ê|Ψ〉 = Tr

∏
iB[mi]|mi〉º

duÙy²�©{ü§ùpØ\y²/�Ñ�KzÚ½µ

1.�ESÈÝ
Tl1l2,r1r2 =
∑

mAl1r1 [m]Al2r2 [m]§¿¦ÑÙ��(dominant)m

��é(λ,W )"�±y²§rW�¤Ý
/ª��§�½´����½�é¡

Ý
"éW�Cholesky©)§=W = PP †§,��½Â��¥mÜþµ

Ā[m] ≡ λ−1/2 · P−1A[m]P (A.5)
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�±y²§Ā÷vªA.3¥�1���§"

2.�ESÈÝ
Tl1l2,r1r2 =
∑

m Āl1r1 [m]Āl2r2 [m]§¿¦ÑÙ�����

é(α,X)"�±y²§Ý
/ª�X´����½�é¡Ý
§α = 1"

éX�Cholesky©)§=W = MM †§�M¥�N�Ý
U§�ª�½Â��Ü

þµ

B[m] ≡ U †Ā[m]U (A.6)

�±y²§BÓ�÷vªA.3¥�ü��§"

�d§·��ª��
Ð©MPS{A}��K/ª{B}µ

B[m] = λ−1/2 ·Q−1A[m]Q (A.7)

Ù¥§Q��qC�Ý
µQ = PU§P�1��SÈÝ
����m¥

�CholeskyÝ
§U�1��SÈÝ
�����¥��ªÝ
"

A.1.2 ���NNN������iTEBD���{{{

k
þã�KzÚ½§·��±�¤é?¿MPS��`z�äµ=kÏL

�qC�(ªA.7)òÙz¤���d��Kz/ª§¢�þ´é��N�ÛÅ�

��¥þ§,�Uì�¥þ�?1�ä"

±��Ising�.�~§äN`5§XãA.2§�N�iTEBD�{���Ú

½´µ

1.òIsing�.z�Üþ�ä�.§¿òÙ�©¼ê�¤=£Ý
��g/

ª§lò�©¼ê�¦)z¤=£Ý
T������¯K"

2.�E��?¿�MPSÅ¼ê|φ〉 = {A}§òT�^3þ¡§����J[
�êO\�Å¼ê{B}"

3.é#�Å¼ê{B}?1�Kzö�§���Kz��Å¼ê{C}§¿U
ì�éJ[�ê?1�ä§���#��Å¼ê{A′}"

4.�E?12-3ö�§��Å¼ê|φ〉Âñ§dd��=£Ý
�����
é"

�â�������é§�?1�Y?n§��Ising�.�gdU�Ôn

þ"3þãÚ½¥§²;�.�=£Ý
§�½´�N���Î§ÏL�Kz

Ú½§·���
Ð©Å¼ê|φ〉3=£Ý
T��^e§�9åÆ��üz
L§"
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ã A.2: �N�iTEBD�{3��Ising�.�A^"(a)ò�©¼ê�¤=£Ý


/ª§ò¯Kz8�¦=£Ý
�������¯K§�E��Ð©MPSÅ

¼ê|φ〉 = {A}" (b)ò=£Ý
�^3Ð©�MPSþ" (c)é���p�ê

�MPS{B}��Kzö�§��Ù�Kz/ª{C}" (4)�ä�Kz��Å¼

ê§���#��Å¼ê{A′}"�E?1b-dö���Å¼êÂñ"

A.2 ÜÜÜþþþ¦¦¦ÈÈÈ���������###���iPEPS���{{{

�¥þÝK�{§·^uÜþ¦È��N�üz(¢�)½öCN�ü

z(�trotterJ�)§ùÄuù���b�µCN�üz�±ÏLÛÜÜþ��

#�¤"éuMPS§Tb�®²��y²Ú�y§�éuTPS§¿vk��

�y"éu�N�üz§$�ëù�b�Ñvk"�
)ûTPS���5üz

¯K§J. I. Cirac�Ç�<k�3©z[55]Ú©z[38]¥JÑ
PEPSÚiPEPS�

{§Ù¥�ö´cö�Ã¡�²£ØCNX�*Ð"ùp{�0��eiPEPS�

{"

A.2.1 ���`̀̀zzzCCCqqq¯̄̄KKK

Äk�Äù����`Cq¯Kµ±���f�~§�½Ùþ��

�PEPSÅ¼ê|ΨA〉 = {A}§XÛé����`�CqÅ¼ê|ΨB〉 = {B}§
¦�||ΨA〉−|ΨB〉|��§^�´A�J[�êD�uB�J[�ê"ùpA§BÑ
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ã A.3: iPEPS�{3���f¥��¸Üþ"(a)TBB�TAB¤/¤���Üþ

��"(b)TBB�SÜ(�"(c)TAB�SÜ(�"ùp¡§ùÚ�L¤�Ä�ü

Õ���8I�:"

´¹ko�J[�IÚ��Ôn�I�Ê�Üþ" 3êÆþ§þã¯K��

u¦)��C©¯K"½Â��C©ë�þ(b½3¢�S¦))µ

f = ||ΨA〉 − |ΨB〉|2

= 〈ΨA|ΨA〉+ 〈ΨB|ΨB〉 − 2〈ΨA|ΨB〉 (A.8)

éf�üÕ�BiC©§Ò�±��eãC©�§µ

H iBi = I i (A.9)

ùp¡�þIi�L1i��:§H iL«3〈ΨB|ΨB〉ù��ä¥ü��:Bi¤a

É�	��¸§I i L«3〈ΨA|ΨB〉ù��ä¥üÕ�:Bi¤aÉ�	��

¸§XãA.3(a)¤«§wª�Ñ½Â=µ

〈ΨB|ΨB〉 =
∑

Bi
l1r1u1d1m1

Bi
l2r2u2d2m2

H i
lrudm1m2

〈ΨA|ΨB〉 =
∑

Bi
l1r1u1d1m

I il1r1u1d1m (A.10)

Ù¥§H¥�m©þÜ©´δm1m2§L«ãA.3(b)¥þeü�B���ë§l, r, u, dþ

�V�I§Xl ≡ (l1l2)"duHÚI¥¹kB§ÏdªA.9´��pg���

5�§§�U¦^S��{5Á&¦)µ

1.?¿�½��PEPS{B}§/¤üÜ���ä{TBB} ≡ 〈ΨB|ΨB〉Ú{TAB} ≡
〈ΨA|ΨB〉"
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ã A.4: ��þf�:�.½ön�²;�.¥=£Ý
L«"

2.�âþãiTEBD�{½öe¡�0��CTMRG�{§(ÜãA.3(a)©

O¦ÑTBBÚTABaÉ��	Ü�¸EBBÚEAB"

3.�âãA.3(b)(c)§¦Ñü��¸Üþµ

Hl1r1u1d1m1,l2r2u2d2m2 = EBB
lrudδm1m2

Il1r1u1d1m =
∑

l2r2u2d2m

EAB
lrudAl2r2u2d2m (A.11)

N´��§H���Ý
"

4.¦)�5�§A.9§���#��B"

5.E1-4Úö�§��Âñ�ý��°Ý"

A.2.2 iPEPS���{{{

k
±þéTPS��`Cq§Ò�±ò��=£Ý
Øä/�^3���

Å�½�TPSÅ¼êþ¡§ØO\Å¼ê�J[�Ý§l��=£Ý
��

����§ù�´iPEPS¦)��þf�:�.Ä��g´§�Kþ§T�{

Ø=�±��þfÅ¼ê?n¢�ÚJ�üz§��±?nn�²;�."ä

N`5§éu��þf�:�.§iPEPS���Ú½´µ

1.ò�©¼êL«¤�þf=£Ý
�/ª§XãA.4¤«§ò�.�Ä�

¦)z�=£Ý
������¯K" 2.ò=£Ý
T(´��Ã¡��Üþ

�ä�Î)�^3?¿�½���PEPSÅ¼ê|Ψ0〉þ¡§����p��Å¼
ê|Ψ1〉 = T |Ψ0〉"

3.|^þã)C©�§��{§��é|Ψ1〉����`$�Cqµ|Ψ2〉 ∼
|Ψ1〉"
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4.�Eö�2-3Ú§��Å¼êÂñ���ý��°Ý"d��ÂñÅ¼

ê|Ψconverged〉Ò´Tþf�.�Ä�Å¼ê"

A.3 ���===£££ÝÝÝ


���zzz+++(CTMRG)���{{{

3þ�!`L§éuEBBÚEAB�¦)§Ø
�z+�{±	§kü«

Äu=£Ý
g���{§�«´þ¡¤£ã�iTEBD�{§,�«Ò´�!

�0���=£Ý
�z+(Corner Transfer Matrix Renormalization Group,

CTMRG)�{"{üå�§ùp±��Ising�.�~§0�·ÜÜþ�{

�C/§=©z[117]JÑ���5CTM�{(directional CTM)Ú©z[118]0

��CTMRG�{§¦�´ÄuBaxter��=£Ý
g�[36]§ÚNishino�Ç

�CTMRG�{[37] í25"

A.3.1 ������555���===£££ÝÝÝ


���{{{

�â�©cAÙ!�0�§��Ising�.�±�du��Üþ�ä

�.§Ù�©¼ê�±z�TÜþ�ä�Â "��5CTM�{�Ñ


�é���f�O�Â ����{"XãA.5¤«§T�{�g�

3uÀ½���:Tlrud�XÚ§Ó�^4��Ý
{C1, C2, C3, C4}Ú4�>Ü

þ{E1, E2, E3, E4}5�[±���¸Elrud§�{�8�3u(½U
ý��[
�¸�ù8�Üþ§�{´aquiTEBD�ÝK"

äN`5§XãA.5¤«§��5CTM�{�ö�Ú½Xeµ

1.�Å�½8�Cþ§{C1, C2, C3, C4, E1, E2, E3, E4}"

2.òü�Î(=dü�>Üþ§E1ÚE3§Ú��T|¤��üÝ
)�e�

^3C2!E2!C3þ§=)¤n�#�Üþµ

L(l1l2, i) =
∑
a

E1(i, a, l1)C2(l2, a)

R(r1r2, j) =
∑
c

E3(j, c, r1)C3(r2, c)

C(l1l2, r1r2, k) =
∑
b

T (l1r1kb)E2(l2r2b) (A.12)

�±uy§Y²�����Ý'�5O�§¡ù
�´p��"ùp¡§�


�I��Ù§ò���I�3)Òp¡"
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ã A.5: ��5�=£Ý
�{"(a)�©¼ê�L«"(b)ü�:±��¸��

["(c)�e��Ú�zö�"ùp7Ú�L>Üþ(edge tensor)§ÉÚ�L

�Ý
(corner matrix)§ùÚ�LÀ��ü�:XÚ"

3.@�ü|(L,R,C)��å5§����ÝÝ
�|Üµ

ρ = LL′ +RR′ (A.13)

òρ����©)���ªÝ
U :

ρ = UΛU † (A.14)

ùpb�Λ®²Uìl����^Sü�Ð"

4.òz�^p��þ�\ü 
UU †§���#��E2!C2!C3µ

C ′2(l, i) =
∑
l1l2

L(l1l2, i)U(l1l2, l)

C ′3(r, j) =
∑
r1r2

R(r1r2, j)U(r1r2, r)

E ′2(l, r, k) =
∑

l1l2r1r2

C(l1l2, r1r2, k)U(l1l2, l)U(r1r2, r) (A.15)

�äK���3�c��Ý=�"

5.|^�#��üÝ
(dü��#��>ÜþÚ��T�¤)§�þ!�!

m���^§Uì2-4aqö�=�"
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ã A.6: CTMRG�{:(a)�[�¸�8�Üþ§(b)Õá�þ�e�^§(c)Õá

���m�^§(d)4Ú�^����/"Ù¥o�^�Lp��"

6.�EE2-5ö�§��l�Üþ¤/¤��¸ElrudÂñ��"

���¤Âñ§�©¼êÚÙ¦ÔnþÒ�±éN´��"

A.3.2 CTMRG���{{{

þãCTM�{����´Õá�#�§CTMRG�{K´ò����nÜ

3�å§z�����#Ñ�ÄÙ¦n����¤��¸"

äN5`§XãA.6ÚA.7¤«§CTMRGÚ½Xeµ

1.òdE1!E3!T|¤�ü=£Ý
§Ó�Õá�þÚ�e�^§���

�ä�{C ′1, C ′2, C ′3, C ′4, E ′2, E ′4}"

2.òdE ′2!E ′4!T|¤�ü=£Ý
§Ó�Õá��Ú�m�^§���

�ä�{C ′′1 , C ′′2 , C ′′3 , C ′′4 , E ′1, E ′3}"

3.Ù¢²LoÚ�^��§/¤��/=d4��Ý
�¤§>Üþ�&E

®²áÂ?
�Ý
p¡§XãA.6(d)¤«"

4.©OO�do��=£Ý
{C ′′1 , C ′′2 , C ′′3 , C ′′4}�¤XÚ¥§o^����
ÝÝ
§Uìaqþã��5CTM��{§ò4��ªÝ
©O�\�A��
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ã A.7: CTMRG�{:(a)��ÝÝ
«¿§(b)�ä��#���¸"

þ§l���ä�#��8�Üþ§XãA.7¤«"

5.�EE1-4Úö�§����l�Üþ¤/¤��¸ElrudÂñ��"

�±w�3CTMRG�{¥§¤k��Ý
Ñ�#
2g§¤k�>Üþ

Ñ�#
1g"��5ù§ØØ´��5CTM�{§�´CTMRG�{§Ñ�

ö����^SÃ'§=µkþe��m§�´?¿�þ�em|Ü§3Å¼

êÂñ�§ÑØ¬K��ª�Âñ(J"
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